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What is Kiel?

Figure: Picture of the ”Kieler Woche” 2008
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Why Nonequilibrium Green’s Functions (NEGFs)?

Interacting many-body system in strong ultrashort fields

Self-consistent treatment of e-e correlations and nonlinear field effects
without perturbation approximation

Conservation laws guaranteed

Dynamics on (sub)fs time scales

Systematic approach to approximations (Feynman diagrams)
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Applications

Condensed matter systems

Plasmas

Electrons in atoms, molecules

Nuclear matter, high energy physics

Coupled dynamics of electrons, plasmons and photons

. . .

NEGFs are the most systematic starting point to these problems:

(i) Consistent derivation of approximate theories

(ii) Direct numerical analysis
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Hamiltonian in second quantization

Hamiltonian for interacting system

H(t) =

Z
d3rΨ†H(r, t)H1(r, t)ΨH(r, t)

+
1

2

ZZ
d3r d3r′Ψ†H(r, t)Ψ†H(r′, t)H2(r − r′)ΨH(r′, t)ΨH(r, t)

e.g. H1(r, t) = [p− eA(r, t)]2 + φ(r, t), H2(r − r′) = e2|r − r′|−1

Field operators (Heisenberg picture) Ψ, Ψ† with commutation relation for
bosons (−), anti-commutation relation for fermions (+)h

Ψ(†)(r, t),Ψ(†)(r′, t)
i
∓

=0
h
Ψ(r, t),Ψ†(r′, t)

i
∓

= δ(r − r′)

⇒ Theory has ”built in” spin statistics
Symmetry/anti-symmetry of N -particle states exactly garanteed
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Macroscopic observables

Equilibrium ensemble average. Density operator

〈O〉 = Tr{ρO} ρ =
1

Z
exp{−(βH − µN)}

Nonequilibrium expectation values. Switch on the perturbing field at
t = t0, 〈O〉 → 〈O〉(t), use Heisenberg operators

〈O〉(t) =
Tr{eβµNU(t0 − iβ, t0)U(t0, t)OU(t, t0)}

Tr{eβµNU(t0 − iβ, t0)}

with evolution operator (~ = 1)

U(t, t0) = T exp

„
−i

Z t

t0

dt̄ H(t̄)

«
U(t0 − iβ, t0) = e−βH(t0)

Time-evolution runs along Keldysh contour1

C = {t ∈ C|Re t ∈ [t0,∞] , Im t ∈ [0,−β]}

1
L.V. Keldysh, Sov. Phys. JETP 20, 1018 (1965)
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Definition of Nonequilibrium Green’s functions

Replace 〈O〉 → 〈ΨHΨ†H〉 : 1-particle Green’s function

G(r, t; r′, t′) = ±i
D
TCΨH(r, t)Ψ†H(r′, t′)

E
TC : time-ordering along C
t, t′ belong to one of 3 branches ⇒ G is 3× 3 matrix

Keldysh Green’s functions (matrix elements on C). Denote 1 = (t, r, sz)

1 Correlation functions: G<(1, 1′) = ∓i〈Ψ†H(1′)ΨH(1)〉
G>(1, 1′) = −i〈ΨH(1)Ψ†H(1′)〉

2 Retarded/Advanced functions:

GR/A(1, 1′) = ±Θ[±(t− t′)] {G>(1, 1′)−G<(1, 1′)}
3 Real branch - imaginary branche components: Ge(1, 1′), Gd(1, 1′)

4 Imaginary branche component: Matsubara (equilibrium)
Green’s function: GM (1, 1′)
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Information contained in the NEGF

Physical content: Time-dependent macroscopic observables

〈O〉(t) =

Z
d3r

n
O(r′, t)

D
Ψ†H(r, t)ΨH(r′, t)

Eo
r=r′

= ±i

Z
d3r

˘
O(r′, t)G<(r, t; r′, t)

¯
r=r′

Particle density: n(r, t) = ±iG<(r, t; r, t)
Density matrix: F (r, r′; t) = ±iG<(r, t; r′, t′)|t′=t

Current density: j(r, t) = ±i
{
∇−∇′

2im G<(r, t, r′, t)
}

r′=r

Interaction energy also follows from the 1-particle Green’s
function1:

〈Hint〉(t) = ±V
4

∫
d3p

(2π~)3

{
[i∂t − i∂t′ ]− p2

m

}
G<(p, t, t′)|t=t′

1
L.P. Kadanoff and G. Baym, Quantum Statistical Mechanics (Benjamin, New York, 1962)
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Information contained in the NEGF (cont.)

Wigner function

f(p,R, T ) = ± i

2π

Z
dωG<(p, ω,R, T )

with relative (CoM) quantities x̄ = x− x′ (X = 1
2
(x+ x′)), and

Fourier transform r̄ → p and t̄→ ω

Single particle spectrum (spectral function)

a(ω,R,p, T ) = i

Z
dt̄ eiωt̄ ˘G> −G<¯ (R,p, T + t̄/2, T − t̄/2)

Nonequilibrium density of states ρ(ω) = Tr {a(ω,R,p, T )}
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Equations of motion for Keldysh Green’s functions

Use Heisenberg’s equation of motion: i ∂t Ψ
(†)
H (r, t) =

h
Ψ

(†)
H (r, t), H

i
−

Result: Martin-Schwinger Hierarchy for 1-, 2-, . . ., s-particle NEGF

{i ∂t −H1(r, t)}G(1, 1′) = δC(1− 1′)± i

Z
d2H2(1− 2)G(1, 2, 1, 2+)

+ adjoint equation

with H2(1− 1′) = δC(t− t′)H2(r − r′), δC(1− 1′) = δC(t− t′) δ(r − r′)
and 2+ refers to t→ t2 + ε>0

Formal decoupling of the hierarchy introducing self-energy Σ

±i

Z
d2H2(1− 2)G(1, 2, 1, 2+) =

Z
d2 Σ(1, 2)G(2, 1′)

Conserving approximations1

Σ(1, 1′)[G] =
δΦ

δG(1, 1′)

1
G. Baym, Phys. Rev. 127, 1391 (1962)
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Equations of motion for Keldysh Green’s functions

Use Heisenberg’s equation of motion: i ∂t Ψ
(†)
H (r, t) =

h
Ψ

(†)
H (r, t), H

i
−

Result: Martin-Schwinger Hierarchy for 1-, 2-, . . ., s-particle NEGF

{i ∂t −H1(r, t)}G(1, 1′) = δC(1− 1′)± i

Z
d2H2(1− 2)G(1, 2, 1, 2+)

+ adjoint equation

with H2(1− 1′) = δC(t− t′)H2(r − r′), δC(1− 1′) = δC(t− t′) δ(r − r′)
and 2+ refers to t→ t2 + ε>0

Formal decoupling of the hierarchy introducing self-energy Σ

±i

Z
d2H2(1− 2)G(1, 2, 1, 2+) =

Z
d2 Σ(1, 2)G(2, 1′)

Example for Σ: 1st and 2nd order diagrams ⇒ Hartree-Fock + second Born

1
G. Baym, Phys. Rev. 127, 1391 (1962)
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Numerical solution of Keldysh-Kadanoff-Baym equations1

Full two-time solutions: Danielewicz, Schäfer, Köhler/Kwong,
Bonitz/Semkat, Haug, Jahnke, van Leeuwen, Balzer . . .

G(·, t1 + iτ1; ·, t2 + iτ2)

1
A. Stan, N.E. Dahlen, and R. van Leeuwen, J. Chem. Phys. 130, 224101 (2009)

2
K. Balzer etal., acccepted in Phys. Rev. A (2010)

Initial conditions after the equilibrium
problem is solved
(Dyson equation → GM (τ))

Gd(0,−iτ) = iGM (τ)

Ge(−iτ, 0) = iGM (−τ)

GM (−τ + β) = −GM (τ)

G≷(0, 0) = iGM (0±)

Parallel algorithm2 (MPI)

t1

t2

−iτ

−iβ
t1 − iβ

t2 − iβ

0
G
M

G<

G>

G⌉

G⌈
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Derivation of single-time kinetic equations

Kadanoff-Baym equations
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Self-energy and spectral function

Σ in second Born approximation

Full field dependence included in g≷

Nonequilibrium spectral function in field
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Quantum kinetic equation for E = E0 cos Ωt
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High frequency limit

where

wab(t) =
E0

Ω

»
ea
ma
− eb
mb

–
sin Ωt
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Laser plasmas: Numerical results
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Harmonics in nonequilibrium laser plasma
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Dynamics of electron distribution function
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Sub-femtosecond energy relaxation in dense plasma1

Dense hydrogen plasma, T = 10000 K , n = 1021 cm-3 , k = 0.6/aB

Solution of KKBE conserves total energy 〈H〉(t) = 〈T 〉(t) + 〈U〉(t) = 〈H〉(0)

Initial state uncorrelated

(zero correlation energy 〈U〉)

Correlations build up → Increase of
|〈U〉| → Increase of kinetic energy 〈T 〉
〈T 〉 and 〈U〉 saturate at correlation
time t ≈ τcorr = ω−1

pl

Uncorrelated vs. over-correlated initial state

Preparing system in over-correlated
initial state leads to cooling

1
D. Semkat, D. Kremp, and M. Bonitz, Phys. Rev. E 59, 1557 (1999)
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Limitations of Boltzmann-type kinetic equations
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Optical excitation of semiconductors
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Wigner function and absorption coefficient

Dynamics of Wigner function and polarization excited by 50 fs pulse,
~ω = Eg + 10 meV
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Dielectric response including collisions
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Polarization including ladder and vertex diagrams

Correlated polarization from Σ in second Born approximation
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Density response and dynamic structure factor
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NEGF approach to inhomogeneous systems

Consider Ne− Hamiltonian [in a.u.]:

Ĥ(t) = T̂ + V̂ (t) + Û ,

T̂ =
NX
i=1

−1

2
∇2
i , V̂ (t) =

NX
i=1

V (xi, t) , Û =

NX
i<j

U(|xi − xj |)

Keldysh-Kadanoff-Baym equations, 1 = (x, t, σ)


i∂t −

„
−1

2
∇2
x + V (x, t)

«ff
G(1, 1′) = δC(1− 1′) +

Z
C

d2 Σ[G,U ](1, 2)G(2, 1′)

+ adjoint equation t↔ t′

Spin-polarized/restricted ansatz
(spin degeneracy ξ ∈ {1, 2})

G(1, 1′)→ G(xt, x′t′) , Σ[G,U ](1, 1′)→ Σξ[G,U ](xt, x′t′)

ξ = 1: |↑〉 |↑〉 |↑〉 . . .
ξ = 2: |↑↓〉 |↑↓〉 . . .
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Finite-element DVR

≈
≈

x00 x

nb = neng − 1

x0 x1 x2 xi xi+1 xne−1 xne

xi
0 xi

1 xi
2 xi

ng−2 xi
ng−1 xi

ng

≈≈

FE i FE i + 1

xi+2xi+1xi

1

2

x

element

} bridge

1
K. Balzer, S. Bauch and M. Bonitz, Phys. Rev. A 81, 022510 (2010)

FE-DVR ansatz1 (nb = neng − 1)

G(xt, x′t′) =
X
im

X
īm̄

χim(x)χīm̄(x′)Gīimm̄(t, t′) , x, x′ ∈ [0, x0]

ii. ∀ FEs there exist points xim
and weigths wim of the generalized
Gauss-Lobatto quadrature

⇒ construct a local DVR basis χim(x)

χim(x) =
1√
wim

Y
n 6=m

x− xin
xim − xin

i. partition [0, x0] into ne FEs i



Introduction Many-electron problem. NEGFs Applications Summary

KBE in FE-DVR representation1

KBEs transform into EoM for matrix Gīimm̄(t, t′) Einstein notation!

n
i∂t −

“
T īimm̄ + V īimm̄(t)

”o
Gīi

′
m̄m′(t, t′) = δC(t− t′)

+

Z
C

dt̄Σīiξ,mm̄[G,U ](t, t̄)Gīi
′

m̄m′(t̄, t′)

+ adjoint equation t↔ t′

FE-DVR matrix elements:

V īimm̄(t) ∝ δii′δmm′ is diagonal

T īimm̄ is block-diagonal

Self-energy Σīiξ,mm̄[G,U ](t, t̄) involves matrix elements of U(|x− x′|)

U i1i2,i3i4m1m2,m3m4 =

Z x0

0

dx

Z x0

0

dx′ χi1m1(x)χi3m3(x′)U(|x− x′|)χi2m2(x)χi4m4(x′)

= δi1i2δi3i4δm1m2δm3m4 Ũ
i1i3
m1m3 (high degree of diagonality)

1
K. Balzer, S. Bauch and M. Bonitz, Phys. Rev. A 81, 022510 (2010)

computed by the generalized
Gauss-Lobatto quadrature rule
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Self-energy functionals

Self-energy in FE-DVR representation (ξ ∈ {1, 2})

Σii
′

ξ,mm′(t, t′) = δC(t− t′)ΣHF,ii′

ξ,mm′(t) + ΣCorr,ii′

ξ,mm′ (t, t′)

Hartree-Fock (HF) contribution1:

ΣHF,ii′

ξ,mm′(t) = −i

(
δii′δmm′ξ

X
i1m1

Gi1i1m1m1(t, t+) Ũ ii1mm1 −G
i′i
m′m(t, t+) Ũ i

′i
m′m

)

Correlations in second Born (2ndB) approximation1:

ΣCorr,ii′

ξ,mm′ (t, t′) =
X
i1m1

X
i2m2

n
ξ Gii

′
mm′(t, t′)Gi1i2m1m2(t, t′)−Gii2mm2(t, t′)Gi1i

′

m1m′(t, t
′)
o
×

× Gi2i1m2m1(t′, t) Ũ ii2mm2 Ũ
i′i1
m′m1

1
K. Balzer, S. Bauch and M. Bonitz, Phys. Rev. A 81, 022510 (2010)

O(n2
b)

¬O(n6
b)

O(nb) ¬O(n2
b)
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He, H2 and LiH—One-dimensional models

Ne−-Hamiltonian (in a.u.)

Ĥ(t) = T̂ + V̂ (t) + Û

=
NX
i=1

(
−1

2
∇2
i +

NcX
n=1

−Znp
(xi − x̄n)2 + cn

+ E(t)xi

)
+
X
i<j

1p
(xi − xj)2 + c

Nc: number of nuclei
Zn: atomic number of nucleus n
x̄n: nuclei positions, determine molecular geometry

cn = c = 1 ∀ n: soft-core Coulomb potentials/interaction

helium hydrogen lithium hydride

v(x)

Nc = 1

Z1 = 2

.

v(x)

Nc = 2

Z1 = 1 Z2 = 1

db

.

v(x)

Nc = 2

Z1 = 3 Z2 = 1

db

.

db = |x̄1 − x̄2|
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1e−-densities, energies and bond lengths1

0

0.2 〈n̂H2〉(x)

[a
.u

.]

H2

0

0.2

0.4

−4 −3 −2 −1 0 1 2 3 4

x [a.u.]

〈n̂He〉(x)

[a
.u

.]

He

0

0.2

0.4

0.6

0.8

1 〈n̂LiH〉(x)

[a
.u

.]

HF
2nd Born
TDSE (exact)

LiH

1
K. Balzer, S. Bauch and M. Bonitz, Phys. Rev. A 81, 022510 (2010)

0 x0
x0

2

−2

2

x

v
(x

)

−2[(x− x0

2
)2 + 1]−1/2

xi xi
m

χim(x)

He (2e−)

Parameters:
x0 = 50 a.u.

nb = 153 FE-DVR basis functions

Ground state energy Egs [Ha]:
HF −2.224210
2ndB −2.233419 ≈ 65% of corr. energy
exact −2.238258
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1e−-densities, energies and bond lengths1

0

0.2 〈n̂H2〉(x)

[a
.u

.]

H2

0

0.2

0.4

−4 −3 −2 −1 0 1 2 3 4

x [a.u.]

〈n̂He〉(x)

[a
.u

.]

He

0

0.2

0.4

0.6

0.8

1 〈n̂LiH〉(x)

[a
.u

.]

HF
2nd Born
TDSE (exact)

LiH

1
K. Balzer, S. Bauch and M. Bonitz, Phys. Rev. A 81, 022510 (2010)

H2 (2e−) and LiH (4e−)

Self-consistent results (db, Eb) obtained by
scanning PES:

Bond-length db [a.u.]:
HF 2ndB exact

H2 1.9925 2.0561 2.151
LiH 3.3860 3.5053 3.6 · ·

Binding energy Eb [Ha]:
HF 2ndB exact

H2 −1.3531 −1.3740 −1.391
LiH −4.8534 −4.8886 −4.91 ·
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1e−-densities, energies and bond lengths1

0

0.2 〈n̂H2〉(x)

[a
.u

.]

H2

0

0.2

0.4

−4 −3 −2 −1 0 1 2 3 4

x [a.u.]

〈n̂He〉(x)

[a
.u

.]

He

0

0.2

0.4

0.6

0.8

1 〈n̂LiH〉(x)

[a
.u

.]

← HF
← 2nd Born

HF
2nd Born
TDSE (exact)

LiH

1
K. Balzer, S. Bauch and M. Bonitz, Phys. Rev. A 81, 022510 (2010)

H2 (2e−) and LiH (4e−)

Self-consistent results (db, Eb) obtained by
scanning PES:

Bond-length db [a.u.]:
HF 2ndB exact

H2 1.9925 2.0561 2.151
LiH 3.3860 3.5053 3.6 · ·

Binding energy Eb [Ha]:
HF 2ndB exact

H2 −1.3531 −1.3740 −1.391
LiH −4.8534 −4.8886 −4.91 ·
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1D helium—TDHF & TD2ndB vs. TDSE1

1
K. Balzer etal., acccepted in Phys. Rev. A (2010)

—fully self-consistent——prepared in HF ground (initial) state—

—uv field (E0 = 0.1, ω = 0.54)——no uv field—

n(x, t) = −iG(1, 1+)
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1D helium—time-dependent dipole moment1
〈d̂

〉(t
)

(1
0−

4
a.

u
.)

〈d̂
〉(t

)
(1

0−
4

a.
u
.)

time t (a.u.)

time t (a.u.)

−8

−8

−6

−6

−4

−4

−2

−2

0

0

0

0

2

2

4

4

6

6

5

10

10 15

20

20 25

30 40 50 60 70

TDSE

TDSE

TDHF

TDHF TD2ndB1 TD2ndB2

TD2ndB

(a)

(b)

1
K. Balzer etal., acccepted in Phys. Rev. A (2010)

Small δ-kick excitation

(a) TD2ndB: HF initial state

(b) TD2ndB: Comparison of
HF (TD2ndB2) and 2ndB
initial state (TD2ndB1)

Fourier transform of 〈d̂ 〉(t)
gives absorption spectrum
(dipole strength) 〈d̂ 〉(ω)
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1D helium—time-dependent dipole moment1

AR PSD

DFT

frequency ω (a.u.)

〈d̂
〉(ω

)
(a

rb
.
u
n
it

s)
〈d̂
〉 S

(ω
)

(a
rb

.
u
n
it

s)

010−6

10−5

10−4

10−3

10−2

10−1

0.25 0.5 0.75 1

1

1.25

101

102

103

104

TDHF

TD2ndB

TDSE

ω1 ω
(1)
1 ω2

ω
(2)
1

I1

tf = 70 →

ւ
tf = 500

tf = 55

(a)

(b)

1
K. Balzer etal., acccepted in Phys. Rev. A (2010)

ω1 = 0.533,
ω

(1)
1 = 0.549, ω

(2)
1 = 0.537

(a) Discrete Fourier Transform
(DFT) (b) Auto-regression power
spectral density (AR PSD)

Small δ-kick excitation

(a) TD2ndB: HF initial state

(b) TD2ndB: Comparison of
HF (TD2ndB2) and 2ndB
initial state (TD2ndB1)

Fourier transform of 〈d̂ 〉(t)
gives absorption spectrum
(dipole strength) 〈d̂ 〉(ω)
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1D LiH—TDHF & TD2ndB vs. TDSE1

uv excitation of LiH (4e−)

Comparison of fully self-consistent
calculations

Laser field parameters:

E0 = 0.75
ω = 1.5

n(x, t) = −iG(1, 1+)
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Summary

1 NEGFs allow for a systematic theoretical approach to correlated many-body
systems

2 Strong fields, short pulses are naturally included nonperturbatively

3 Strict derivation of kinetic equations and generalizations

4 Direct numerical solution of the Keldysh-Kadanoff-Baym equations possible
for simple systems

5 First applications to small atoms and molecules (using FE-DVR basis).
Favorable scaling with N

6 Applicability to x-ray range expected

For more details see

www.theo-physik.uni-kiel.de/~bonitz

network ”Quantum Many-Body Dynamics out of Equilibrium”
www.theo-physik.uni-kiel.de/~bonitz/kbet2.thml
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