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Rate equations for the coupled evolution of density and temperature in nonideal partially ionized 
plasmas are presented. The equations are derived from generalized quantum kinetic equations that 
include many-particle effects, such as screening, self-energy and lowering of the binding energy. 
The equations are solved for a three-component plasma. The influence of many-body effects on the 
density-temperature relaxation is demonstrated. © 1995 American Institute 01 Physics. 

I. INTRODUCTION 

In a recent paper, I reaction and diffusion processes in 
partially ionized dense plasmas have been considered. In par­
ticular, the influence of many-body effects, such as screen­
ing, self-energy, and lowering of the ionization energy on 
these processes has been studied. This required a quantum 
statistical foundation of reaction-diffusion equations (RDE) 
as well as of the coefficients of impact ionization and diffu­
sion. The RDE and expressions for these coefficients have 
been derived from generalized quantum kinetic equations. It 
was shown, that the many-body effects lead to a strong den­
sity dependence of the rate and diffusion coefficients. The 
result in the plasma kinetics are nonlinear phenomena, such 
as nonlinear diffusion, running ionization fronts, droplet 
growth, and bistability. 

One essential limitation of Ref. 1 was that only density 
relaxation processes at homogeneous constant temperature 
were considered. This is valid in cases where the temperature 
relaxation proceeds much faster (e.g., if we consider relax­
ation of densities and temperatures in connection with an 
electrical field2

), or, if the plasma is embedded in a thermo­
stat. However, in many cases temperature and density relax 
on similar time scales. This situation will be studied in the 
following. 

In this paper we aim to compare the relaxation properties 
of non ideal and ideal plasmas. In particular, we study the 
relaxation of plasma composition and temperature. To make 
the nonideality effects transparent, we, as a first step, focus 
on the spatially homogeneous case. In Sec. II we derive hy­
drodynamic equations from generalized kinetic equations for 
quasipartic1es. Of special interest is how nonideality effects 
manifest themselves in the rate equations. In Sec. III we give 
numerical results for the solution of the coupled equation of 
density and temperature. 

II. HYDRODYNAMIC EQUATIONS FOR NONIDEAL 
PLASMAS 

To obtain hydrodynamic equations for nonideal partially 
ionized plasmas, we start from generalized quantum kinetic 
equations (see Refs. 3 and 4) for the Wigner distribution 
function I a of the free particles of species (a) 

(1) 

The right-hand side (RHS) of the kinetic equation (1) de­
scribes the collisions between quasiparticles. The integrals 
1 ab and 1 abc contain all possible two- and three-body scatter­
ing processes, respectively. In particular, the integrals labe 

take into account the formation and decay of bound states by 
recombination and ionization reactions. Similar to Eq. (1) 
one can derive an equation for the bound particles. In con­
trast to Eq. (1), it contains on the RHS collision integrals of 
the form ICab)c' describing the scattering of bound states on 
free particles and bound states, respectively. This equation 
can be found in Refs. 4 and 5. Explicit expressions for the 
collision integrals are given in the Appendix. 

Many-body effects enter the kinetic expression (1) via 
the quasiparticle energy Ea 

p2 
Ea{prt) = -2- + Re };~(pwrt)lhw= .. (prt)· (2) 

ma a 

In the second term of Eq. (2), };:(pwrt) is the retarded self­
energy function. This function describes the modification of 
the energy of a particle due to the influence of the surround­
ing plasma; };: itself depends on the distribution function 
(for a discussion see Ref. 1). Therefore, in principle;it has to 
be determined self-consistently with the solution of the ki­
netic equations. 

The hydrodynamic equations, we are interested in here, 
are the density and energy balance equations for the different 
components. They can be derived in the usual manner by 
mUltiplying the kinetic equations for the free particles (1) 
and bound particles4,5 with 1 and the quasiparticle energies, 
respectively, and subsequent integration with respect to the 
momentum. The number density of species (b) is given by 

J 
d3p 

nb= (27T1i)3/b' (3) 

We keep in mind, further, that the variation of the total en­
ergy density of a quasiparticle system due to an infinitesi­
mally small change of the distribution functions is given by6 
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(4) 

As a result, the system of hydrodynamic equations for a ho­
mogeneous plasma, consisting of free particles (a) and 
bound particles CAB), reduces to the following equations: 

(5) 

(6) 

The total number density of atoms is nCAB) =}: jn{AB). The 
term Wa is the source function of the free particles and de­
scribes the change of the density na due to the ionization and 
recombination processes; W{AB) is the source function of the 
bound particIes.7 The source functions follow from the RHS 
of the kinetic equations. They are defined by the three­
particle collision integrals only, since the two-particle inte­
grals conserve density. 

Let us now make the choice of the plasma more specific. 
We will consider in the following a system consisting of 
electrons (e), singly charged ions (i), and atoms (AB). Then 
we obtain for the electrons 

(9) 

Here the summation is over the impact particles and the 
quantum numbers of the atom;' dj and {Jj are, respectively, 
the coefficients of impact ionization and three-body recom­
bination of the atomic level j. Explicit expressions for these 
rate coefficients are given in the Appendix. The source func­
tions for the components are related by We= Wi 

= - }: j W{AB)· 
If we sum up Eqs. (5), (6) and (7), (8), respectively, for 

the components, it can be shown, that the density 
n=ne+n(AB) and the total energy E=Ee+Ei+ECAB) are 
conserved. Some details are discussed in the Appendix. 

Let us consider the energy balance equations (7) and. (8) 
more in detail. The energy density of the free particles is 
given in the framework of Green's functions by the exact 
relationS 

Ea f d3
p dw (p2/2ma)+hw . < 

V= (21Th)321T 2 (±l)ga (pwt). 

(10) 

With the one-particle correlation function g;; in quasiparticle 
approximation 

(11) 

we get 
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(12) 

For a nondegenerate system, which shall be considered in the 
following, the temperature can be defined by 

3 f d
3
p p2 

2 nbkBTb= (21Th)3 2mb ih· (13) 

Explicit expressions for the interaction part in Eq. (12) can 
Q!! obtained in local thermodynamic eqUilibrium. Using 
R e }: ~ in the so-called VS approximation, we get in lowest 
order9,lO 

(15) 

with Zb being the charge number of species b. The energy 
shift of bound states is assumed to be negligibly small. 1 Then 
the system of hydrodynamic equations reads 

an(AB) _ " j 
at - 4 W(AB)' 

J 

= ~ f (2~~)3 (2~(:B) +Ej ) ~ [(AB)e· 

(16) 

(17) 

(18) 

(19) 

With Eqs. (16)-(19) we can describe the relaxation of the 
densities and temperatures of the plasma species. This relax­
ation is driven by the chemical reactions only. In many cases, 
one anticipates a multistage process, where first a common 
nonequilibrium temperature T of the whole plasma is estab­
lished. We will consider here the second stage, i.e., the 
coupled relaxation of this temperature and of the chemical 
composition of the plasma. The plasma temperature T is 
given by 

(20) 

with n(T=}:bnb and b=e,i,A. Summing up Eqs. (16)-(19) 
over the components, we obtain 
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(21) 

(22) 

Nonideality effects enter these equations via the atomic 
source function W1AB) and the screening length roo As we 
will see below, this leads to significant deviations of the re­
laxation in comparison to the ideal case. Equations (21) and 
(22) are quite general for three-component partially ionized 
plasmas. Specific microscopic properties of the plasma lead, 
of course, to different expressions for the source function and 
the screening length. The expressions for the rate coefficients 
are given in the Appendix (A14) and (A15). Their calculation 
requires the knowledge of the quasiparticle energies. This is 
a very complicated problem which has been solved so far 
only within certain approximations. As in Ref. 1, we can use 
here the so-called rigid shift approximation,9 in which the 
quasiparticle energies are given by momentum-independent 
shifts 

(23) 

with 

3 R ~ f d p Re 'i,a(p,r,t)(aIBIL~ )fa(p,r,t) 
Aa(t)= f 3 id d p(BIBlLa )fa(p,r,t) 

(24) 

Thus this shift is a thermally averaged quasiparticle shift. It 
is related to the chemical potential by 

Similar to (14), we have 

e2 

aa= - 2ro' 

(25) 

(26) 

The shifts Aa describe the influence of the surrounding 
plasma on the single-particle properties. 

On the other hand, nonideality effects influence two­
particle properties also. The major effect here is the lowering 
of the ionization energy of bound states, such as atoms. The 
effective binding energy (effective ionization energy) of at­
oms in state U> is given by 

(27) 

Neglecting the small shift of the ground state energy (a l =0), 
we obtain 

(28) 

From Eq. (28), the lowering of the ionization energy with 
increasing plasma density andlor decreasing temperature is 
obvious. At the so-called Mott line (see Figs. 2-4), the bind-
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ing energy vanishes. That means, as a result of the Coulomb 
interaction between the plasma particles, bound states break 
up. 

To study nonideality effects on the relaxation kinetics in 
a simple example, we consider in the following partially ion­
ized hydrogen. Furthermore, we restrict ourselves to atoms 
in the ground state. Since the impact ionization by ions is 
much less effective compared to electron impact ionization, 
one usually can restrict to the latter process. The electron 
impact ionization coefficient was calculated with an approxi­
mate impact ionization cross section, which is given in Ref. 
11. Then we obtain an analytic expression for the ionization 
coefficient 

a 1= aild exp[ (A 1-a e - ap)1 kBT], 

id_ (lEd). 
al - aog kBT ' 

an and g are defined by 

(1 0 '1Ta~1 E dl12
) 

ao= (2'1Tme)112 

g(x)=x l12 f'( e~t)dt. 

(29) 

(30) 

(31) 

(32) 

The ionization coefficient has a strong dependence on the 
density, because the ionization is a process with a threshold 
energy [see Eq. (27)], In the approximation of thermally av­
eraged shifts, the ionization and the recombination coeffi­
cients are dependent due to the relation 

/3j= a)l.; expUjfflkBT), (33) 

with Ae being the thermal wavelength. The influence of 
many-body effects on the recombination coefficient is 
smaller in comparison to the ionization coefficient (cf. the 
results for nonideal hydrogen plasma5,7 and for alkali 
plasmaI2). In the simple approximation used here, we obtain 
from Eq. (33) with Eq. (29) /31=tild, i.e., the three-body 
recombination coefficient is independent of the density. 

III. NUMERICAL RESULTS 

Let us now investigate the influence of nonideality ef­
fects on the kinetics of density and temperature in a dense 
hydrogen plasma. We start from the spatially homogeneous 
hydrodynamic equations (21) and (22), with the ionization 
and recombination coefficients (29) and (33) and the screen­
ing length (15). Furthermore, we assume local charge neu­
trality (n e = n i)' We consider a closed system with constant 
total number of electrons n = ne + nA =const. For numerical 
purposes, it is convenient to use dimensionless variables for 
density, time, and temperature 

ne t 
C=-, 7=-

n to' 
(34) 

C is the degree of ionization, n the total electron density, 7 

the dimensionless time, and e the dimensionless temperature. 
The energy (temperature) unit is the Rydberg energy, time 
unit is to=(aon)-l. In contrast to the characteristic time in 
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FIG. 1. Stationary solutions (thick line) of the ideal coupled density­
temperature equations in the (O-c) plane for a hydrogen plasma (c--degree 
of ionization, ~imensionless temperature). The thin lines are the solu­
tions of Eq. (39) for different initial values. The total electron number den­
sity is n"'7.692X1027 m-3• 

Ref. 1 we had to choose a slightly different definition for to, 
that is independent of the temperature [cf. definition of an in 
Eq. (31)]. Now we can transform Eqs. (21) and (22) into 
dimensionless form 

ae 
aT = eg( (J)f( e, (J,n), (35) 

ae 
aT 

a+ e- hC(J,n) (J~) 
. c cg( (J)f( e, 8,n). (36) 

[1 + c( 1 + h( (J,n) 8ye)] 

The function f( e, 8, n) is 

fCc, (J,n) = (1 - e )"ey(IJ:n),fC - e2'l1.( (J,n), 

where -y{(J,n) and 'lI.«(J,n) are given by 

. 2e3 (27m)112 
y«(J,n)= 81Ed . 81Ed ' 'lI.«(J,n)=A;ne

llIJ
• 

(37) 

(38) 

The corresponding expressions for an ideal hydrogen plasma 
follow froin Eqs. (35) and (36), if we set y=O. 

Prior to the numerical solution, let us discuss some prop­
erties of the system (35) and (36). In our model, the sOurce 
function of electrons is We(c, (J,n) = cf(e, (J,n). This func­
tion appears in both Eqs. (35) and (36). The solutions of 
thesecoilpled equations are essentially determined by the 
source function W". In particular, the stationary solutions 
(e s , (Js) are given by the zeros of the source function. First, 
we fiM the trivial zero cs=O «(J arbitrary), which is always 
unstable. Further zeros can be derived 'from the equation 
f(e s , (Js ,n) =0 which yields the Saha equation for a nonideal 
dense hydrogen plasma (see below). 

In the case of an ideal plasma, the Saha eq~ation has one 
solution, given by a line 8/d

( e.) in the density-temperature 
plane (thick line in Fig. O. This line gives simultaneously the 
eqUilibrium plasma composition and temperature. It depends 
parametrically on the total electron number density n. Let us 
consider now the relaxation process of density and tempera-
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FIG. 2. Stable (filled circles) and unstable (small dots) stationary solutions 
of the nonideaI coupled density-temperature equations in the (8-c) plane for 
a hydrogen plasma. The dashed line is the Mott line. The total electron 
number density is n=7.2XI027 m-3• n is less than the critical density 
ncr=7.692X1027 m-3• 

ture; starting with initial (nonequilibrium) values e( T=O), 
8(T=0). Obviously, the relaxation process will end on the 
line (J/d(c s )' Before solving Eqs. (35) and (36), it is instruc­
tive to consider its properties in the «(J-e) phase space. This 
allows one to calculate the phase trajectory ()( c) and to find 
the stationary solutions of Eqs. (35) and (36). Indeed, divid­
ing the second equation by the first, one can eliminate time. 
In the ideal case, we obtain 

ae ct+ 8) 
----

i)c (1 +c)' 
(39) 

The solution is easily found 

. (~+ (Jo) 2 
8

'd
(C;80 )= (l+c) 3' (40) 

It describes a family of noncrossing lines, that cover the 
whole plane;80=8(e=0) is the crossing with the 8 axis. 
These lines are monotonically decreasing, i.e., growth of the 
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FIG. 3. Same as Fig. 2, with n=7.692XI027 m-3 =ncr ' 
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FIG. 4. Same as Fig. 2, with n = 1 X 1028 m -3>nCf' 

degree of ionization is always associated with decreasing 
temperature and vice versa. These lines are also shown in 
Fig. 1. The choice of the initial values e( '1-0), c( '1-0) picks 
the corresponding line. The crossing of this line with ejd( e s) 
will be the final point of the relaxation. If the initial point lies 
below (above) the line e/d(cs)' the relaxation leads to a de­
crease (increase) of temperature and to an increase (decrease) 
of the degree of ionization. 

The situation is more complicated for strongly coupled 
plasmas. Due to nonideality effects, at low temperatures, the 
ideal line ejd (e s) splits into two lines. This property is 
closely related to the anticipated plasma phase transition in 
equilibriumY In the n- T plane there exists a whole region 
where the source function has multiple zeros with a critical 
point (ncpTcr).1 For our problem, there arise three different 
situations, depending on whether the total electron density is 
lower, equal or greater than ncr' They are shown in Figs. 
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FIG. 5. Comparison of the ideal and nonideal solutions of the coupled 
density-temperature equations (35) and (36). The thick line marks the sta­
tionary solution for the ideal plasma. The corresponding stationary solutions 
of the nonideal system are marked by filled circles (for details cf. Fig. 3). 
The solutions in phase (fJ-c) space are also shown. The ideal solutions of Eq. 
(39) are marked by thin solid lines, the nonideal ones [Eq. (41)] by dots. 
n =7.692X 1027 m- 3

, cf. also Figs. 1 and 3. 
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FIG. 6. Solution of the coupled density-temperature equations (35) and (36) 
for an ideal and nonideal plasma, respectively. The total electron density is 
n =7.692X 1027 m -3. 

2-4. In these figures, also the Mott line, i.e., the line where 
rff=o, is shown. Above this line. there are no bound states 
possible. In the same way as in the ideal case, we can elimi­
nate the time from the rate equations and find the trajectory 
in (fJ-c) phase space that is now defined by 

Be (~+e-h(e,n)e~) 
-=----------==--
Be [I +e(l + h( e,n)e~)]' (41) 

The solution of Eq. (41) is shown in Fig. 5 together with 
the corresponding results for the ideal case. Due to the low­
ering of the ionization energy, the lines e s( e s) lie above the 
corresponding ideal lines. As one expects, the largest devia­
tions from the ideal result occur at low temperature and high 
degree of ionization, where nonideality effects are strong. 

The relaxation of temperature and the degree of ioniza­
tion calculated from Eqs. (35) and (36) is shown in Figs. 6-8 
for different initial conditions. One clearly sees that it is 
essential to take the nonideality effects into account. They 
lead to significant modifications of the relaxation process 
compared to that of ideal plasmas. In particular, the final 
values of density and temperature in a nonideal plasma may 
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FIG. 7. Same as Fig. 6, but for different initial conditions. 
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FIG. 8. Same as Fig. 6, but for different initial conditions. 

deviate essentially from those in an ideal one. In Fig. 6 the 
nonideal relaxation leads to bigger changes of density and 
temperature. This is, however, not a general trend, but de­
pends on the location of the initial point with respect to the 
stationary solutions rid( C $) and (J'id( c s)' respectively. So, if 
one picks the initial values in between both lines, the ideal 
and nonideal relaxations will go in different directions, cf. 
Fig. 7. In Fig. 8 another situation is shown. Here we start 
with a fully ionized system. The ideal relaxation leads to 
bigger changes of density and temperature. 

Concerning the relaxation times, we first confirm the si­
multaneous character of density and temperature relaxation. 
This is understandable since the only driving force of the 
relaxation are the chemical reactions and the related 
consumption/production of the ionization energy. Further­
more, the nonideality effects seem not to change the relax­
ation time drastically. 

IV. CONCLUSIONS 

In this paper we continued previous investigation on the 
influence of (microscopic) nonideality effects on the dynam­
ics of macroscopic quantities: Starting from generalized 
quantum kinetic equations for quasiparticles, we derived rate 
equations for dense partially ionized plasmas. Our main re­
sult is the temperature balance equation (22) for a nonideal 
plasma. This equation reflects the total energy conservation 
of nonideal systems. Thus we have nonideality corrections, 
which lead to an additional density dependence of the tem­
perature relaxation. For the case of spatially homogeneous 
systems, we investigated in detail the coupled relaxation of 
density and plasma temperature. Nonideality effects lead to 
significant modifications of the relaxation process. Starting 
from the same initial state, the final state of the plasma may 
strongly deviate from that of an ideal plasma. 
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APPENDIX: SUMMATION OF THE COLLISION TERMS 

In this appendix, the summation of the collision integrals 
of the hydrodynamic equations (5)-(8) is shown. We have to 
calculate sums of the form 

(Al) 

where the summation is over all components, and Ibis the 
sum of all collision integrals in the kinetic equation of spe­
cies "b." The function I/Ib= 1, €b(prt) in the case of free 
particles (b=A,B) and I/Ib=l, (P~/2mb+Ej) in the case of 
bound states [b = (AB)] for the density and energy balance, 
respectively. In a three-component plasma, the sum (AI) can 
be expressed in terms of the two- and three-particle collision 
integrals 

'" J d3 
P (AB) . '" + 7' (27Th) 3 iflr.AB) £; [(ABla' 

(A2) 

We have the following collision integrals in Eq. (A.2). 
(i) The two-particle collision integrals (c = A ,B), de­

scribing elastic scattering processes, are given by 

I J d
3
pa d

3
pc d

3
pa 

I ca= h V (27Th )3 (27Th )3 (27Th )3 

X I(PcPaITcaIPcPa)i227T8(Eca- Eea) [fcla(1 ±fe) 

(A3) 

(ii) The three-particle collision integrals leab with 
c=A,B are4 

3 

Icab= 2: (I~~b + I!Zab» , 
k~O 

(A4) 

with 

Ok 1 J leab = 2h V 
d3 d3-

Pa Pb 3 -
(27Th)3 (27Th)3 d (ka) 

(A5) 
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These integrals describe all possible three-body scatter­
ing processes involving three free particles or one free and 
one bound particle (explanation of k see below). 

(iii) The integrals I(AB)a contain the scattering of bound 
states on free particles (a=A,B), as they appear in the ki­
netic equation of the atoms, 

3 

I(AB)a=:L 1:~B)a' 
k=O 

(A7) 

where we have, similar to I gab)' 

(A8) 

Here k is the channel number. The scattering states Ika}. 
channel energies E k and the Pauli blocking factors N k are 
given in Ref. 1. 

Now we consider the sum in Eq. (A2) separately for the 
different types of collision integrals describing elastic scat­
tering, excitations, rearrangements, and reactions. 

(1) The sum over the elastic two-particle scattering terms 

(A9) 

This sum can be transformed in standard manner into 

(AlO) 

This expression vanishes, because of the conservation of 
mass and energy in elastic two-particle collisions (of course, 
mass conservation is fulfilled already by each elastic colli­
sion integral separately). Therefore, the sum over the elastic 
two-particle collisions does not contribute to the total density 
and energy balance. 

The elastic collisions between three free particles [inte­
grals I~~b with c == A,B, cf. (ii) above] can be considered in 
the same way as the elastic two-particle collisions. Thus, the 
sum over these terms does not contribute to the total density 
and energy balance also. 

(2) Now we consider the terms involving the collision 
integrals 11~b ,l1~b in Eq. (A4) and Il1B)a in Eq. (A7). These 
integrals describe scattering of free particles on a bound state 
and include both elastic scattering and excitation (deexcita­
tion). The sum over the corresponding terms in Eq. (A2), can 
be written as 

(All) 

Obviously, each integral separately conserves density. For the case of total energy balance, the sum (A 1 I) vanishes again, 
because of the properties of the delta function. 

A I · th 'd' th f . [lIZ 113 lIZ 113 112 [13 E pp ymg e same consl eratlOns to e case 0 rearrangement reactlOns Aab' Aab' Bab' Bab' (AB)a' (AB)a' see q. 
(A2)], one can show that these terms also do not contribute to the total density and energy balance. 

(3) Now we consider the remaining terms of the sum (A2) consisting of all ionization/recombination processes. Collecting 
the corresponding integrals, we can use similar transformations as above, yielding 

(AI2) 
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For the total density balance, i.e., if/= 1, the sum (AI2), and 
hence the sum J(l) in (AI) simplifies to 

(A 13) 

Here, the impact ionization and recombination coefficients 
have been introduced. They are defined as 

Pc (AB) Pc PA PB 1 f d 3 d3p d3 - d 3 - d3 -

aj= Ii V (2?T1i)3 (2?T1i)3 (2?T1i)3 (2?T1i)3 (2?Th )3 

X I(PcP(AB)jIT!~AB)lpclJ APBW2 ?T8(Ec(AB)r EcAB) 

xfc fi(AB) (1 ±]c)(1 ±]A)(1±]B), (AI4) 
nc nj(AB) 

1 f d3
pc d3 P(AB) d3

pc d3pA d3
pB 

f3'j = Ii V (2?T1i)3 (2?T1i)3 (2?T1i)3 (2?T1i)3 (2?T1i )3 

X I(PcP(AB)jIT~~AB)IPcPAPsW2?T8(Ec(AB)j- EcAB ) 

Ie fA in x-~ - (1 ±fc)(l + fj(AB». (AI5) 
nc nA nB 

From Eq. (A13) follows 

a 
at (nA+nB+n(AB»=- 4 W{AB) 

_ J 
(A16) 

and thus the number density n = n A + n(AB) is conserved [cf. 
Eqs. (5) and (6)]. Consider now the total energy balance, i.e., 
if/a=EaCprt) with (a=A,B,c) and if/(AB)=(P~AB/ 
2m(AB) + Ej). The energy conserving delta function with 
momentum-dependent quasiparticle energies is given by 
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8(Ec(AB)j - EC(AB» 

= 8( 2PZABl + Ej+ Ec(Pc) - Ec(Pc) - Ell (PA) - EB(PB»). 
m(AB) 

(A 17) 

Thus it is obvious that the contribution (AI2) vanishes. We 
have j<e)=o and the system of hydrodynamic equations (5)­
(8) conserves the total energy. 
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