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The nonequilibrium properties of strongly coupled plasmas are investigated taking into
account reaction and diffusion processes. The starting point is quantum kinetic equations for
systems with chemical reactions involving many-body effects like screening, self-energy,

and medium-dependent scattering. The influence of these effects on the kinetics of reaction and
diffusion processes is discussed. Generalized expressions for the coefficients of impact
ionization and diffusion are derived exhibiting a strong density dependence due to the many-
body effects. Solving the reaction-diffusion equation (RDE) for a dense hydrogen

plasma, nonlinear phenomena such as bistability, running ionization fronts, and droplet

formation are obtained.

1. INTRODUCTION

Dense nonideal plasmas are of interest from the theo-
retical point of view as well as from that of experimental
investigations, e.g., in shock wave or laser compression.'™
In this paper, we consider the nonequilibrium properties of
nonideal plasmas. We are especially interested in the influ-
ence of nonideality effects on the ionization kinetics and on
diffusion.

Let us start our consideration with the following ques-
tion: What is a nonideal plasma and which special effects
may be expected in such a system? The behavior and the
properties of a nonideal plasma are determined by the Cou-
lomb interaction and the degeneracy. We have to account
for degeneracy effects if the electron number density », and
the thermal wavelength A, fulfill the condition

n A1, A= 2rtt/mik T,

The Coulomb interaction is important in the “corner of
correlation” which can be seen in Fig. 1. This area is en-
closed by the parameter lines

nJ3=1,

Here /=¢?/(kT') is the Landau length and r,=d/ag is the
Brueckner parameter with the mean particle distance d
and the Bohr radius ap. In the corner of strong correlations
many-particle effects may be expected, such as dynamical
screening of the Coulomb interaction, dynamical self-
energy, Pauli blocking, formation of bound states, and
pressure ionization (Mott effect).>®

All these effects influence the equilibrium and nonequi-
libriom properties of a plasma. Of special interest are
reaction-diffusion processes, which means formation and
decay of bound states in connection with diffusion. From
the phenomenological point of view, such processes are
described by coupled reaction-diffusion equations:

an,
—+Vi=Wyn,..np), a=12,..f, (1)

ot
with j,=—D,Vr, being the diffusion current and
W,(n,,...,ns) the source function describing the ionization
kinetics. Reaction-diffusion equations are of general inter-

re=1.
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est because they can serve as basic models for the descrip-
tion of evolution processes and structure formation in
physics, chemistry, biology, and even for social sciences.”
Therefore, the foundation of such reaction-diffusion equa-
tions from the fundamental equations of nonequilibrium
statistical mechanics is an essential problem of the theory.
Usually, the kinetic properties of many-particle systems are
given by Boltzmann-like kinetic equations. But these equa-
tions can be applied to dilute systems only neglecting the
nonideality effects mentioned above.

In order to describe the nonequilibrium properties of
nonideal plasmas we have to start from generalized kinetic
equations. As we will show, reaction-diffusion equations
can be derived then with generalized expressions for the
reaction rate and diffusion coefficients. Because of the
nonideality, especially the diffusion coefficients D, as well
as the source function of the chemical reactions W, be-
come density dependent in a complicated nonlinear way.
Therefore, nonlinear macroscopic phenomena like ioniza-
tion fronts, phase separation, ¢tc., can be expected,

The paper is organized as follows. In the first part
(Sec. II), we present the generalized kinetic equations for
chemically reacting systems which are applied then to
nonideal plasmas. Using the hydrodynamic approxima-
tions, we derive reaction-diffusion equations and obtain mi-
croscopically founded expressions for the source function
and the diffusion coefficient including nonideality effects in
Sec. I1I. Finally, the influence of these many-body effects
on the macroscopic behavior of dense plasmas is consid-
ered and nonlinear phenomena like nonlinear diffusion, bi-
stability, running ionization fronts, and droplet growth are
discussed (Secs. IV and V).

1l. KINETIC EQUATIONS FOR NONIDEAL MANY-
PARTICLE SYSTEMS WITH CHEMICAL REACTIONS

Kinetic equations which take into account the forma-
tion and the decay of bound states are given in papers by
Peletminski,'® Lowry and Snider,!! Klimontovich and
Kremp,lz’”’ McLemmn,14 and others. But these equations
have to be generalized for the case of nonideal reactive
systems where many-body effects must be taken into ac-
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FIG. 1. Density—temperature plane showing three regions of qualitatively
different behavior of plasmas. The area of strongly coupled plasma (so-
called corner of correlations) is enclosed by the parameter lines #,=1 and
nP=1.

count. This rather complicated problem was solved'>"’
using the method .of nonequilibrium real-time Green’s
functions.

The result is the following kinetic equation for the
Wigner distribution function f, of the free particles of spe-
cies a

(3 dE, d JE, 3)
Tt — 1/ prt)
\OL op or... OI'
= 2 La(prt) + Zfabc(p,r 1. (2)
b

The single-particle energies on ‘the left-hand side (lhs) are
given by the dispersion relation -
2

=E,(prt) » (3)

where 3% (pwrt) is the retarded self-energy function. The
latter gives the shift of the energy of an isolated particle

- due to the influence of the surrounding particles and there-

fore accounts for many-body effects in the kinetic equation.
The energy shift can be calculated from a cluster expansion
of the causal self-energy function. In a diagrammatic rep-
resentation, it can be written in the form

5
s

|

-

| connected.

where the first term represents the two-particle ladder con-
tribution and the second term accounts for the three-
particle processes. .

On the right-hand side (rhs). of thé klnetxc equatlon
(2), the collisions between quasiparticles are taken into
account. In the case that the free particles are Fermions,
the quantum mechanical Boltzmann collision integral I, is
given by

1 &dp, &, dbs i ‘
Iab(paar:t) =nv (2ﬂ‘ﬁ)3 (217.;2)3 (277‘ﬁ)3 ] <papb1 Tab‘papb> ! 277'6(Eab_E¢“zb) [fa.fb(l_fa) ( 1 _fb)
—(1=F) (1—=Fp) falb]- (5)
The three—particle collision integral can be written as
d’p L _ .
abc(pa’r,t) 2 ﬁV Z J- WW d(Ka) l (PanPcI abclKa} |2277'6(E0 EK) (f/cNO"—NKfafbfc?
sz 2 2 f Gty 0@ | PoPuctne] Tape | k) | 278 (B —E) (Fv—=Nof oF n,)- (6

The integrals I, contain all the possible three-body scat-
tering processes with free and bound particles. Especially,
breakup and formation reactions are taken into account. In
order to classify the different collision processes, we have
applied the notation of multichannel scattering theory
which is explained in Table I.

All processes are included by the sum over the channel
numbers k where [d(ka) stands for the integration over
the dynamical variables of the corresponding channel state
|ka). Here, |p) and |jP) are single-particle states and
two-particle bound states, respectively, f,=f,{(p,»»t) and
F;=F (Pyrz) denote the corresponding distribution func-
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tions normalized with respect to the number densities of
free and bound particles, respectively,

The dynamics of the scattering proé’esses enter the col-
lision integrals via two- and three-particle T° matrices. The
two-particle T matrix is determined by.the,generalized
Lippmann-Schwinger equation

. ; )
ab(z)—' ab+ Vab —LHeEfL Vub’ ’ . (7)

where H is an effective Hamiltonian

Hfzt;:Ea‘i‘Eb‘F(l--—fd—fb)V,,,,..v ‘ N L(8)
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TABLE 1. Reaction channels, asymptotic scattering states, channel energies, distribution functions, and phase space occupation factors for the

three-body scattering processes contained in the integral 7,,,.

X channel {kar) E, S N,

0 a+b+c [pa>ipb> [pc> Ea+Eb+Ec fafbfc (l—fa)(l—fb)(l_fc)
1 a+(b+c) 122 | 4P E,+Eup, SoFn, (1= f) L+ Fp)
2 b+(a+c) lpb)‘"acpat) Eb'f‘Ean. f”F”hc (1 - fb)(l + Fn‘)
3 c+(a+b) lpc)}nabpab) E0+EnPab f‘"F"ab (1 - ff ya+ F"ab)

One can show that (7) corresponds to an effective wave
equation which is given by

(Ea""Eb'—z)‘yPV(paob!ri) + [ 1 —fa(pa’rst) —fb(Pb,f'J) ]

4B, d°py -
-(—2‘;—{)3‘ V(pa—Pa)8(P—PY¥p(Baprt).  (9)

This wave equation determines the two-particle states
¥ (ps) = {ppy| vP) taking into account medium effects.
There are the following types of solutions:

| Pj),
|Pp+),

where P=p,+p, and p= (mp,—mp,)/ {m,+m,;) are the
total and relative momenta, respectively. The three-particle
collision processes are described by the 7' operators

N, abe VK'
eff ber
—Ho — NV ope ©

which determine the transition probabilities between the
initial and the final three-body scattering channels, Here
H%F denotes the Hamiltonian of three free quasiparticles
with the single-particle energies given by (3). Further, we
have in first order, with respect to phase space occupation,

fa—Fo—TFe>
Vo= (14 f ) Vapt (1 Fp) Voot (14 Fa) Ve s
thzbc'_‘ (1 +fb) Vet (1 +fc) Vab,

In addition to the kinetic equation (2}, an equation can be
derived for the distribution functions F; of the bound par-
ticles. On the lhs of this equation, the quasiparticle energies
of the bound states appear, and the rhs accounts for the
collisions between the bound and the free particles. The
explicit expression for the three-particle colhsmn term, be-
ing similar to that of (6), can be found i in.!

bound states,

|vP>=[

scattering states,

he=Vese+Vone (10)

abc—l
(11)

etc.

Ili. MANY-BODY EFFECTS IN DENSE PLASMAS

In the following, we consider a strongly coupled
plasma consisting of electrons, singly charged ions, and
atoms in the state | j), where j denotes the set of internal
quantum numbers. The number densities are n,, 7, and n,
respectively. It is well known that the properties of
strongly coupled plasmas are essentially determined by
those many-body effects that were discussed in the previ-
ous section. Additionally, the screening of the long-ranged
Coulomb interaction must be taken into account. This can
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be done replacing the Coulomb potential by a screened one
which can be written as

Vab(Q)
e(gzrt)’

Viplgzrt) = (12)

Here V,,=4me/q" is the Coulomb potential, and e{gz,7t)
is the dielectric function

e(gzrt)y=1— E Vool algz,rt). (13)
[+

The latter is given in terms of the polarization function
I, (gz,rt), which can be determined using the techniques
of quantum statistical theory of charged particle systems.

In the V¥ approximation and if local equilibrium is
assumed, the single-particle energy shift in (3) is given by®

d3
Re 25(1760:”) = f “(Tﬂ,q_)ﬁ Vaa(fa(p"{"(brt)

do
—Im E“'(qa),rt)

+P 27

1—fo(p+art) —np(w)
z—~wo—E,(p+q,rt) )

(14)

with 7 ()= (f*—1)~L

To work with the energy shifts given by (14) is diffi-
cult. A possible approximation is to use thermally averaged
shifts in the framework of the *“rigid shift” approxi-
mation.!® In this case, the energy shift is replaced by a
momentum-independent shift reproducing the correct nor-
malization (the correct density n,). If local equilibrium is
assumed, we have

[d® Re ZX(p,r,t) (3/3u) folport)
[dPp(3/8u9) f.(pr,1)

Aa(r,t)': (15)

It can be shown that the thermally averaged shift is related
to the chemical potential by

pa=p+A,, (16)
that means, A, is equal to the interaction part of the chem-
ical potential. In the nondegenerate case and if we assume
in (14) the static approximation, we obtain in lowest order
(a=e)
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FIG. 2. Isotherms of the plasma chemical poténtial g, -+ i, for hydrogen
versus free electron density. The expressions for the correlation contribu-
tions of the electron and proton chemical potentials are given in the
Appendix. The temperatures are (a) T'=14 000 K, (b) 17 000 K, and
(c) 20000 K.

ke " 477'2.a(naei) |

> = (17)

This is the Debye shift which represents the limiting law
for systems with Coulomb interactions. In a first approxi-
mation, it describes the influence of the plasma medium on
the single-particle properties. ‘

In general, one has to carry out quantum statistical
calculations in order to obtain better results for the oiie-
particle shifts. We have applied the two-fluid model which
results in an electron and an ion gas contribution including
the Hartree-Fock and Montroll-Ward terms in the ex-
change correlation part of the plasma chemical potential.
In Fig. 2, the chemical potential of the free charged parti-
cles for a hydrogen plasma is shown that was calculated on
the basis of Padé interpolation formulas (cf., e.g., Ref. 20)
given in the Appendix. An interesting feature is the “van
der Waals loop” which is, in equilibrium, connected with
the plasma phase transition.?"?> As we will show, this
property has important consequences in nonequilibrium
situations, too.

The main result of the many-body effects in dense plas-
mas is the lowering of the ionization energy of the two-
particle bound states. Therefore, the properties of the two-
particle states in plasmas are of special importance in order
to describe the macroscopic behavior of dense nonideal
plasmas. An effective wave equation for the two-particle

states in a dense plasma can be derived on the basis of

Green’s function techniques. In ¥* approximation, one ob-
tains instead of (9)%%°
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Lealpe) +es(on) + AR (Ga) 10 (p2s)

- [ 1,"fa(pa) "“fb(Pb)]

+

X f VEE(Papqu)‘iy(pa+%Pb_q)d3q=0: (18)

where £,(p,) —pa/2ma, a=ed.. - - -

One can see.that, in comparison with the Schrodlnger :
equation of an isolated pair of particles, there are some
differences arising from the inclusion of many-body effects.
The latter are condensed in the self-energy corrections,
Pauli blocking, and in the effective potential:‘The modifi-
cations, in comparison with the effective wave equation (9)
given in the previous section, are based on the inclysion of
special plasma effects like dynamical screening. If we con-
sider the nondegenerate case, the dynamically screened ef-
fective potential is given by

Vea(papsa?) —Vas(q) - R
oq,{!,d ) . RERE
= ab(q) r——Ime (q,w+10)
( : na(w)-l-l e
z—0—E&4(Pa) = €5(Py—4) E e
np(w) +1 o
+ L ~ ), (19)
z—0—£,(pa+q) —&5(Py) | ,
and we obtain for the dynamical sélf-énérgy " e
(pw)-f _Wm Vo) — Vs
: . B, .(20)

In the static llmlt the eﬁ'ectlve potentlal mmphﬁes to ‘j

P iem H k3

ab(q) ~ - jviqz v -—11 L w-
e(q,O)--(m) T A ‘,

ab(papbq,o) 2.0)’

which is the statically screened Debye poténtial For the
thermally averaged: two-particle,energy shifts, we obtain
with (17) . .

Fos 7 FFECEH e

A§§=Aa+Ab= —ke?

Two problems can be solved with the effective, wave
equation (18), First, the two-particle bound and scattering
states can be determined accounting for the influence of
many-body effects. Furthermore, the influence of the sur-
rounding plasma on the two-particle energy spectrum is
described. In order to show that, we apply perturbation
theory as a first step. The wave equation (18) is written for
this purpose in the following form:

. ~Kremp et al. 219

Downloaded 12 Aug 2011 to 134.245.67.147. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



continuum
P R

edge

A
ground state ®1

= — — L =

FIG. 3. Density dependence of the continuum edge and the ground state
level for hydrogen (qualitatively). Here IS" denotes the effective ioniza-
tion energy vanishing at the crossing point (Mott density).

(H)y—E,p) |aP) = —Ho(E,p) | aP), (21)
where H?, is the Hamiltonian of the isolated two-particle
problem and H?, includes all the many-body effects dis-
cussed above. The explicit expression for HZ, follows from
(18) with (19) and (20). In first-order perturbation the-
ory with respect to H?}, we find for the discrete two-

particle energies

Ejp=Ejp+Re( jP| Hoy(E)) | jP),

and for the scattering energies
2

y4
Eor=mms T 2(myt )

+ Aabv

where mg, denotes the reduced mass. The result of the
numerical evaluation for the case of the ground state en-
ergy (j=1) of atomic hydrogen is given in Fig. 3.

(i) We observe a lowering of the ionization energy

I =| E| — Aﬁg + A, with increasing plasma density
which follows mainly from the lowering of the continuum
edge.

(ii) There is a crossover of the continuum edge and the
ground state energy at high densities that defines the so-
called Mott density. Bound states do not exist above this

IV. THE COEFFICIENTS OF IONIZATION AND
RECOMBINATION

Now we apply the kinetic equations given in Sec. I to
a strongly coupled plasma including the many-body effects
discussed above. As in the previous section, we consider
the plasma consisting of electrons, ions, and atoms in the
state | J).

In order to describe the macroscopic properties of the

Iﬁﬂm') wrres ;ﬂf"(\fl"ﬂﬂ mﬂ(\fnc/‘n“;f' nkcﬁ 1
asia, wo IniroGuce macroscopic observables in the usnal

way. We define the number density of species a by

d3
na(e)= [ s fulmn). (22)

The diffusion current j{? (r,t) can be written in the form

i2=nwa=n,(u,—u), (23)
where the mean velocity u, is given by
r dp OE,(prt)
na(rvt)ua(r»t) = J (2,”.,‘&)3 ap fa(p!r’t) (24')

and the mass average velocity u by

1
ll=; % Pdla s

with p=Z2,p, and p,=n,m, being the mass density of spe-
cies a. For the free charged particles, the species index is
a=e,i and for the atoms in the state |j) we write a=].

Equations governing the evolution of the number den-
sities in space and time can be obtained by integrating the
kinetic equations with respect to the corresponding mo-
mentum, The result is

3]
3 Malmst) +div J2(x,t) = W,(n,t) —div[n,(r,)u(r,0)],
(25)

where W, is the source function that describes the change
of n,(r,t) because of ionization and recombination pro-
cesses in the plasma. The explicit form of W, follows from
the rhs of the kinetic equations, especially from the reac-
tion terms in the three-particle collision integrals. In Eq.
(25), for the electron density, the source function can be
written in the form

W= 2 X (alnn—Binnn), (26)

c=ei j

and it follows W,=W;= —Z,W,.

In (26), we have introduced the coefficients of impact
ionization and three-body recombination of the atomic

density. The disappearance of bound states is referred toas  level j. If degeneracy effects are neglected, one
the Mott effect. obtains!%26-28
J
1 d&p dp, &P dp dp, S (B p 73 B 2
al=ﬁ—V S (z,n,ﬁ):& (217‘ﬁ)3 (2ﬂ“ﬁ)3 (21Tﬁ)3 (Zﬂ‘ﬁ)s T ( 1237 23){<j l(pa! 123 23+t£) lpa>' p+>l n, (27)
1 &p dp, &P 4P dp, - FoFo fs
=7 — i) B = 2lalel!
BJ—ﬁV ot (Zﬂ‘ﬁ)s (21Tﬁ)3 (2ﬂ‘ﬁ)3 (217'ﬁ)3 (277.%)3277-5(}3123 E()ZJH(.]Pl <pa[T123 23+1£) lpa>th+)l Hy n, ni-
(28)
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Let us now consider the problem of the calculation of these
rate coefficients. A considerable simplification is possible if
we take into account that there are different time scales
during the approach to thermodynamic equilibrium. First,
the system comes into equilibrium with respect to the
translational degrees of freedom and then with respect to
those of internal ones. At the latest stage, the chemical
equilibrium is established. In the following, we will assume

that lacal agnilihrinnm hae haen reached alraadv ¢n that the
ulatl 10Cal1 CYULLOIIUIN fas ollll 10alaci diitaliy, SU ular uid

results being valid for equilibrium situations can be used.
In the nondegenerate case, we have for the distribution
functions of the free charged particles

Fo(p,r,t) =exp{ —BLE,(pr,t) —po(r,1) 1} (29)
and for the bound particles in the state | /)
.F_.}(P,l',t)=exp{'—’B[Ej(P,l',f) _.u'j(r’t)]}' (30)

Here, E,(p,r,2) and E;(P,r,t) are the quasiparticle ener-
gies, and p,(r,#) and p,(r,f) are the chemical potentials of
the free and bound particles, respectively. We keep in mind
that ionization equilibrium has not been established yet,
that means

e(rt) +pi(r,t) 4 (x,2).

In the approximation of thermally averaged shifts (15), it
is easy to derive the following simple relation between the
rate coefficients:

Bj=a;A} exp[ — (ES+A;—A,—A)/kpT]. (31)

In the case of ionization equilibrium, we arrive, therefore,
at

n/ngz,:Ai exp[—(E(}+Aj—Ae—Ai)/kBT]. (32)

This is the well-known Saha equation for a nonideal
plasma. The nonideality is contained in the energy shifts of
the particles leading to a lowering of the ionization energy
Al; given by

If=| K|

Let us come back to situations where chemical equi-
librium has not been reached yet. Because of (31), it is
sufficient to calculate explicitly only one of the rate coeffi-
cients. In the nondegenerate case, the ionization coefficient
for electron impact can be written in the following form:

2

—AIj, AIj=Aj—Ae'—A,'. (33)

8mm o N D
] hd (.)n _BE =
%I~ GamkT) f zjﬁds O

(34)

where aij"“ is the impact ionization cross section from the
atomic state |j) which reads, in statically screened first
Born approximation,

81Tﬁ2 "Pmax e 2%
}’"—-;r’r dpprdQ; | qdg|VE(9)Py(9) |2
e 9min
(35)
Here #q=p,—p, denotes the momentum transfer of the

projectile, and
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Pmax= (17§ - 2mepﬁ) sz '
Fo= (0 —2m "5,
figmin=Pe—Pe »
figmax=PetPe »

follow from energy conservation. The effective ionization
energy I‘j';ff is given by (33). With P ;5 we denote the atomic
form factor

Py(q)= f dr WH(r) W} (r)el/Par, (36)

The two-particle wave functions ¥,(r) for the atomic

‘bound states and \I’+ (r) for the scattermg states have to be

determined from the effective wave equation (18).
The simplest approximation for o; follows if we restrict

nnrealvas o oaronnd ctate innization f i— 1) and if we 11ca
OUrscives 10 ground siai 1onizaion (j=1i; ana i wé usc

for VT the Coulomb potential and for the wave functions
the Coulombic ones. In this case, many-body effects are
taken into account by energy shifts only. Then, the follow-

ing modified Bethe formula is a good approximation:*%?
I ] e—A,— Ap + Al
=2.5 a In (37)
€ | B4

Inserting (37) in (34), the following interesting and sim-
ple expression can be derived:

ay=aideBi—e=8,)/k5T,

id
N = G, T) 72
with Ei(x)= [* _(&/t)dt.

Expression (38) for the ionization coefficient repre-
sents a generalization to a strongly coupled plasma. We
have the usual ideal part and an additional contribution in
terms of energy shifts following from the inclusion of the
many-particle effects in the plasma. Using (38) in (31), we
obtain for the recombination coefficient

B=F".

That means 8 remains density independent in this first
approximation. More general results for the impact ioniza-
tion and three-body recombination coefficient are given in
Ref. 18 taking into account energy shifts, effective poten-
tials, and Pauli-blocking.

In Fig. 4, the results for a, are shown following from
(38) for a hydrogen plasma. The most important result is
the strong nonlinear density dependence of the ionization
coefficient which is a direct consequence of the nonideality
effects condensed in the quasiparticle energy shifts.

10magE, ( |E?|) (38)

" kgT )’

V. NONLINEAR DIFFUSION

In order to obtain a closed system of equations for the
number densities, we have to determine the diffusion cur-
rent density given by (23). For this purpose, we multiply
each of the kinetic equations (2) by the corresponding
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FIG. 4. Ionization coefficient of a nonideal hydrogen plasma. For the
energy shifts of the free and bound particles, the correlation parts of the
chemical potential given in the Appendix were used. The values of the
density of atoms zy are (in cm™?%): (1) 10%, (2) 5% 102, (3) 10%, and
(4) 2x10%,

momentum and integrate with respect to the latter. We
obtain the following equation of motion for the mean
velocity: 30

D, 3

a
Pa B’} uai_ar Pauarua1+a nau—sal (39)
with
D, 8 3

3{:&—[—1(0/-8—"]‘.

The rhs accounts for the influence of collisions on the mo-
mentum balance of species a. It is given by

S.=R,
with

—um, Wa

5 d’p, |
R, (r,t)= ; pra[ab(pmryt)

s d’p,
+ be f Wpﬂ[abc(pa)r,f).

The pressure tensor on the lhs of (39) is defined by the
relation

ar f(—z—ﬁxpm ) = fa

*p, OE,
+ f QR ar, /P
The pressure tensor for the bound states follows if the
binding energies E; are used and if the distribution func-
tions f, are replaced by the F/s. It should be mentioned

again that the E,=E_,(p,rt) are quasiparticle energies

(40)
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given by (3). Therefore, the expression (40) is an impor-
tant generalization of the ideal gas result because it con-
tains nonideality contributions in terms of energy shifts.
The equation of motion for the mass-averaged velocity
can be obtained from (39) by summation over the species:

D a

p‘b‘t i— a Pua]'f‘ Znat;_O (41)
with

D 3 7]

E—'at‘l'ul"a—rj.

In the following, the system is assumed to be in a stage
where local equilibrium is established only for each plasma

species. In the approximation of thermally averaged shifts

and assuming
W€t = (kgT/mg)"?,
the distribution function can be used in the form?!
Cy* W,
fa_jg(1+ kBT )’

with the notation

Co=Pg—m,u (42}

(pa_mau)z)

_ 3 .
FUpart) =n,A) exp( T

A similar expression follows for the distribution function
F ; of the bound states.

Neglecting contributions nonlinear in u, we simplify
(41) to

9 VP.

TR
Inserting this result in the equation of motion (39), we
obtain

Pa

Vo, -—;VP =R,—mu,W,=S,, (43)

where we can write

a

ar, Wyj=Vpdy;-
According to (40) and using momentum-independent
shifts, the pressure gradients are given by

VP(r,t) =V 2, pa(r,0), (44)

Vo (r, t)—Vp (r,2) +n,VA,(rt). (45)

It should be mentioned here that the p, cannot be consid-
ered as pure partial pressures because of the interaction
between the different plasma components taken into ac-
count in the shifts A,

Equation (43) connects the thermodynamic forces of
the nonideal plasma with the momentum transfer due to
the collision processes. In a first step, we will restrict our-
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selves to elastic scattering contributions (S, = Rf,l). The rhs
of Egs. (39) and (43) can be expressed then in terms of the
diffusion currents

kT
S=Ri= 3 5= (i), (46)

where # is the total number density. In (46), the binary
diffusion coefficients were introduced: -

8 2 a 1/2 © .
m(%) L Se?Ql(2)dz.  (47)

Here we have z*= (p,— pb)2/2mab,

gy—1_
“Z}ab =n

Mop=m, mb/(ma+mb)

T
is the reduced mass, and gab is [IIC U'al'lSpOI'[ CI'OSS SCCHOH

given by

. , L -
Q‘?,,:zqrf d® sin @(1—cos @)oy, - (48)
0 - : o

with o, being the differential scatiéring cross section.
Equation (43) with expression (46) for the diffusion
currents can be solved in the standard way. The result is

D_ re
=it 2 meab(vP,, %),
where 2,RS = 0and 2,m,j?=0 was used; D, are the mul-
ticomponent diffusion coefficients that can be expressed in
terms of the binary diffusion coefficients.

‘In the following, the atoms in the plasma are assumed
to be in the ground state only (j=1). Then we have a
three-component plasma, and the D, can be written as

n‘c['@ac(mo}mb) ""/@ab] ‘
na'@ab"'nbgézc'*‘ncgab |

- (49)

Dab=gdb(‘1+ (50)

vInserting (49) into the balance equation (25) for the num-
ber density, we find for the free charged particles

z, 2o w7)|

ad-
Y ny+tdiv(nu) +4-div

kT p iz

= 2 (cinn—Blnnn)

c=e,l

(51

and for the atoms -

3 o
B 5?&1 P

at

= Y (Binga—alnn). (52)

c=e,i
These equations represent a system of reaction-diffusion
equations for a nonideal plasma. Many-body effects are
included in the diffusion terms as well as in the ionization
and recombination rates. The latter were discussed in the
previous section. -

Before we turn to further investigation of Eqgs. {51)
and (52), we have to make sure that our theory (with all
assumptions made) leads to results that are thermodynam-
ically consistent. As it was shown, nonideality is taken into
account in the quasiparticle picture by energy shifts ac-
cording to (3). Approximating the latter by momentum-
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independent energy shifts, we cannot, of course, reproduce
completely the nonequilibrium properties. But in our case
it is sufficient to calculate density, chemical potential, and
the gradients of the scalar pressures in a consistent way.
This is indeed possible. The definition of the shifts A, in
(15) and (16) leads to a correct result for the number
density n, and provides the chemical potential with ,u.'"t
= A,. Let us consider the definition of the pressure tensor.-
The first term on the rhs of (40) O“IVPQ the ideal pressure,

the second one the nonideality corrections. The result for
the pressure gradient was given above by (44) and (45). .
The basic thermodynamic equation we have to deal with is
the Gibbs—Duhem relation: -

dP.—_'Zna dp, for T =const. ) (53)

Of course it is fulfilled for the ideal parts of pressure and

chemical potential. if (45) is inserted in {44), the second
term has to coincide with :

Z n d‘umt ‘

'what in fact is the case because of the connection (16)

between chemical potentlal and thermally averaged energy
shift,

Let us now study in more detail the d1ﬁ‘us1on process in
a nonideal three-component plasma. If, in the diffusion
process, electrons and ions separate, an electrical field will -
be set up acting like an additional thermodynamic force.
This leads to a steady state with charge neutrality and
equal electron and ion number fluxes (ambipolar diffu-
sion) :

(r,t) = j; (r,t)

Further we suppose Vp~0. With u~0, we have
n=n,+n;=const, and the system of reaction-diffusion
equations (51) and (52) reduces to only one equation
which reads

ne(rt) =ni§r;t);

ne(r,t)+dIVJ ()= 3 (alnn—Binnm).
‘c=e,i

(545 |

The diffusion current density can be written as =
= — D s (ot ) bV (55)
Je = —LPamp kT ane+ani He"l'lii R,

where D%y is the usual ambipolar diffusion coei’ﬁcientzg'32

hm; ;D thDIA""m DzemADA m DlemIDel o

Doyp=—
AMB P S m, ze+m Det

(56)

In deriving (55) the interaction between charged and neu-
tral particles was neglected in the energy shifts A, and A,
In this approximation, the shifts depend on the charged
particle density only. We can interpret the total prefactor
of Vn,in (55) as a nonideal amblpolar diffusion coefficient

, n, (9 4
DAMB= DAM]? m (an ) (.u'e'*‘.u':) (57)
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FIG. 5. Ambipolar diffusion coefficient for hydrogen versus the degree of
ionization c=n,/(n,+ny) for different temperature values: (a) T
=10000 K, (b) 14000 K, and (c) 18 000 K. The total density is con-
stant n=5X 10" cm ™3,

A density-dependent diffusion coefficient can be introduced
formally in this way which describes nonlinear diffusion
due to many-body effects.

For demonstration, we again consider a hydrogen
plasma. The calculation of the binary diffusion coefficients
(47) entering the coefficients D,, first requires one to de-
termine the corresponding transport cross sections given
by (48). In the case of the electron—proton collisions, the
scattering phase shifts were calculated by numerical solu-
tion of Schrédinger’s equation adopting the statically
screened Debye potential. The elastic scattering of elec-
trons on hydrogen atoms in the ground state was treated
using the adiabatic exchange model taking into account a
statically screened polarization potential. The cross section
of the proton—atom scattering was calculated classically.
The result for the usual ambipolar diffusion coefficient
DY g is that the proton—atom scattering gives the domi-
nating contribution for arbitrary plasma composition in
the whole density range,’? that means

DAMB""@pH .

Then, the ambipolar diffusion coefficient for the nonideal
hydrogen plasma can be written as

D Dot (242 58
AMB = ¥ pH 76_3:7-' (ane+ ani) (“'E+.u'p)$ (58)
where the chemical potentials are given by (a=e,p)

int int __

Hq ‘u‘a THa Hg = a

For p'™, we used the same expressions (cf. the Appendix)
as presented in Fig. 2. The isotherms of the nonideal am-
bipolar diffusion coefficient D g are shown in Fig. 5. The
classical result DAMB—L@ pi Ocecurs only for electron den-
sities below 10'% cm~3. For higher densities, the many-
body effects cause a minimum and, below T=17 000 K,
even negative values of D,y are a direct consequence of
the “van der Waals loop” in the plasma chemical potential
(cf. Fig. 2).

Obviously, the diffusion of particles in a region of high
electron density will differ from that at low concentration.
This can be seen considering the nonlinear diffusion equa-
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FIG. 6. Solution of the nonlinear diffusion equation with the density-
dependent diffusion coefficient DAMB(C) (58) for Dirichlet boundary con-
ditions, 7=18000 K, n=3x 10" cm > Here x is the dimensionless
length, scaled by the system Iength L The straight line is the initial
profile, the steplike one represents the asymptotic (stationary) distribu-
tion. The inner curves correspond to the dimensionless time 0.006 and
0.0156, respectively. The time unit is fy= L2/ DI yp.

tion neglecting for a moment the reaction term in (54).
The stationary solution in the one-dimensional case can be
written immediately (¢=n./n), x being a dimensionless
length (0<x<1):

J ¢y Pams(c’,n,m)de!

x(c)= (1)

c(O)DAMB(C n,’l')dc ‘

For Dyyp >0, the profile is always monotonous. However,
the curvature can change the sign because
d*x(c)/dc? ~dDppp/de. Because of the minimum of
Djwvp, the stationary profile is of steplike shape. This can
be seen from Fig, 6 where the nonlinear diffusion equation
was solved numerically starting with a linear concentration
profile [Dirichlet boundary conditions ¢(0) =c¢,, ¢(1) =¢,]
which is the stationary solution in the case of constant
diffusion Dy yp=const. If we could “switch on” the non-
linearity in the diffusion coefficient at =0, we would see
exactly the evolution shown in Fig. 6.%

VI. NONIDEALITY AND NONLINEAR IONIZATION
KINETICS IN DENSE PLASMAS

Because of nonideality, the source function in the
reaction-diffusion equation depends on the density in a
complicated nonlinear manner. Therefore, well-known
nonlinear phenomena can be expected in dense nonideal
plasmas, such as ionization fronts, nonequilibrium phase
separation, dissipative structures, ete.

Let us study the effect of nonideality, which means the
influence of many-particle effects on the ionization kinetics
in a dense hydrogen plasma. Our starting point is the
reaction-diffusion equation (54) with the ionization and
recombination coefficients (38) and (31) and the diffusion
coefficient (57). It is convenient to use dimensionless vari-
ables for density, time, and length We introduce a char-
acteristic time fo=(a'"n)~! and a characteristic length
(diffusion length) /, = \/DAU MB/IO Typical values, e.g., for

T=16000 K and n=10" cm™* are #,~10~!' sec and
I;~10"° m. The dlmensnonless variables are now defined
according to
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FIG. 7. Isotherms of the degree of ionization for (a) T'=10000 K, (b)
12000 K, (c) 14000 K. The insert shows the density interval [n;,n,]
inside of which bistability occurs.

n, t x

Dymp
c=—, —ot 7-x, D=—fp—.
n ’ to—) ? lo_) ? 'DAMB

Then we can transform the one-dimensional RDE into

dc d* d’c dU

Frimpre g W(C,n,T) =2t (59)

with the hildrogen source function
W(en,T)=c{(1—c)expl — (A,+A,—Ap) /k 5T

— A3 exp(—E/kpT)}

.and the potential U defined by W=dU/dc. The density
dependence of the diffusion term gives only a minor effect
and will be considered below. _ ‘

Obviously, the behavior of the solutions of this equa-
tion is essentially determined by the zeros ¢,,(n,T") of the
source function. Especially, the c,, determine the proper-
ties of the stationary solutions of the RDE. First we find
the trivial zero ¢,,=0 corresponding to the atomic gas state
which is always unstable. Further zeros have to be ob-
tained from

cm—1 3 :

—c;,rzA exp[(—E1+Ag—A.—A,)/kpT].  (60)
This is just the Saha equation of the ionization equilibrium
in a nonideal dense hydrogen plasma. The solutions of
(60) are well investigated.”’s’6 In Fig. 7, the isotherms
¢m(n,T) are shown which are the solutions of (60). A
well-known property> of these isotherms is the following:
For T< Ty and n(T) <n<np(T), we obtain three ze-
ros: ¢; <c¢, <c;, where ¢; and ¢; correspond to stable sta-
tionary states while ¢, represents an unstable one. That
means we observe a transition from monostable to bistable
behavior in a density~temperature region which is shown
in Fig. 8. . ,

The bistable behavior has a number of interesting con-
sequences. Let us first consider the stationary reaction-
diffusion equation
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FIG. 8. Region of bistability in the dénsityftemperature plane. The
dashed line marks equal stability of the states ¢, and ¢; by the Maxwell
construction. Above this line ¢; is more stable than ¢,.

d2C W T dU(C:n’T)
3.—;2_,' - (C,n, ) = dC .

The solution to this equation is known due to the obvious
analogy with the Newton equation of motion for a particle
of mass m=1 in the potential U(c,n,T). We find for the
density profile

- < dc

~J) \RIE-U@GnT)]

1 /dc\?
E=~ (————) +U(e,n,T). (61)

2 \ox
The integral of motion E has to be determined from
the boundary conditions, using the relation

(2) 1
L= fcm BE—TtenD] %

where L(E)=x,—x; is the length of the system. For ex-
ample, we have, for Dirichlet boundary conditions
c(xy) =c" and c(x,) =c? a unique relation between L,
the boundary values c(l),‘ c(z), and the constant E. »

- Let us now consider a plasma inside of the région of
bistability under the following special boundary condi-
tions:

(62)

c(x))=cy, c(xy)=c3, (63)

with W (c;)=W(c;) =0 and
AW (cy) AW (c3)
dc <0, dc <0,
with ¢, and ¢, being the stable zeros of W and, therefore,
local maxima of the potential U(c;) =max, U{c;) =max.
Furthermore, the system is considered to be closed,
dc(x) dc(x) '
C ox T ox

=0. (64)

X=X

X=‘~X1

In this special case, (i) the boundary conditions (63) and
(64) may be fullfilled only under the condition

E=U(c|)=U(c;),
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FIG. 9. Numerical solution of the RDE starting from a smooth profile
and approaching a stationary kink, D=1, T=13500 K, n=~ Tleq
=2.895% 10> cm > The number of time steps are shown, the time unit
is t,=6x 107" sec, the diffusion length /y=7X 1077 m.

ie.,

f ? W(c)de= J'c’ W(c)de, (65)
Q e

which corresponds to a Maxwell construction, ¢, being the
unstable zero of W; (ii) condition (65) is fulfilled along a
line n.o(T) marking equal stability of the stationary con-
centrations ¢; and c¢; (dashed line in Fig. 8);** (iii) the
length L of the system must be infinite [expand U(c)
around ¢ with U(cg) =E]; (iv) one can even use a finite
length L=x,—x, if Ly, Here /s very small in our case,
indeed (see above).

Such a special solution is shown in Fig. 9, it is known
as the “kink solution.” Here, the kink describes a spatial
phase separation between phases of different degrees of ion-
ization ¢; and ¢;. For stationary solutions with arbitrary
boundary conditions, the constant E and the boundary val-
ues c(1) and ¢(2) have to be determined self-consistently
from (61) and (62).

Let us consider now the time-dependent solution of
(59). If we leave the line neq(T), changing density and
temperature, the phase separation boundary is no longer at
rest but starts moving with a velocity increasing drastically
on approaching the edge of the bistability region (Fig. 8).
Above this line, i.e., for n>n.(T), the state c; is more
stable than c¢;, and the phase boundary is moving toward
the phase of ¢; superseding it by the concentration ¢, and
vice versa below the line. This can be seen in Fig. 10. This
picture resembles an ionization front of the form

clx,t)=c(x—uvt)

describing the propagation of a density profile without de-
formation. Introducing this ansatz into (59), we come to a
well-studied eigenvalue problem (in the mechanical anal-
ogy, the velocity term corresponds to a friction contribu-
tion)

¢"+ve'=~——U, v=consti. (66)

ac
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FIG. 10. Numerical solution of the RDE for T=13500 K and
n=2,9X 10" cm 3> n,, (spherical symmetry, vanishing particle fluxes at
the boundaries). The initial profile is the (unstable} atomic gas with an
undercritical fluctuation with respect to the stable state ¢,. Part (a) shows
droplet growth of the metastable state ¢;, forming a spherical front. In
part (b} an overcritical fluctuation is switched on generating a second
much faster front. In the stationary state the plasma reaches 2 homoge-
neous profile ¢{r) =¢;. The time interval is always the same A =400 steps,
units same as in Fig. 9.

In general, Eq. (66) cannot be solved analytically,
even for constant diffusion. Only for a few types of reaction
functions exact results are known, e.g., for certain polyno-
mials of integer or half-integer powers. For nonideal plas-
mas, a polynomial fit for the source function like the one
used in Ref. 34 applies only within a narrow vicinity of the
critical point.

We solved the time-dependent RDE (59) numerically
for various initial distributions and boundary conditions.
We present two of these calculations in Figs. 9 and 10
covering the most typical situations. Figure 9 shows a
smooth initial profile with the concentration varying over a
distance comparable with the total system length. No front
solutions are possible in this case, and one observes a con-
tinuous approach of the asymptotic step profile. Fronts are
observed only for a peaklike initial density distribution
{with a width much less than the system length), as shown
in Fig. 10(b). The time evolution consists of three stages.
First, the automodal profile forms rather quickly, moving
then a long time with a nearly constant velocity without
deformation until it deforms into the stationary shape near
the boundary.

An interesting property of the source function for hy-
drogen is that it has four zeros. This gives the possibility of
three different types of running fronts choosing two of the
three concentrations ¢y=0, ¢; and ¢; as boundary
values.’**> If one fixes the concentration to be ¢; (atomic
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gas) at one side of the system and to be ¢, at the other, the
propagation of even two fronts becomes possible running
one after another. ThlS can be seen in Fig. 10(b) where the
front superseding ¢, is followed by a second one which
replaces ¢; by c¢;. Choosing the parameters (density and
temperature) appropriately, one can change the velocity
and even the direction of the second front nearly arbi-
trarily.

Another phenomenon in bistablé reaction-diffusion
systems, however, in the-two or three-dimensional case, is
droplet. growth.:In one-dimensional systems, the replace-
ment of one phase by another more stable one is proceed-
ing spontaneously, whereas in higher dimensions it-is im-
peded by surface effects. Indeed, diffusion acts to minimize
the. surface or more precisely the curvature of a density
profile. It is dominating on small scales supressing small
fluctuations. The well-known consequence is that there ex-
ists a critical droplet size (e.g., a critical radius for spher-
ical droplets). Fluctuations of the more stable phase have
to exceed this critical size in order to supersede the meta-
stable phase. The critical droplet radius and the growth
velocity can be estimated with the help of the formulas
(k=2 for cylindrically and k=3 for spherlcally symmet-
rical nuclei, respectlvely)

[ C3(ac/ ar)dc

R.=—(k—1 w ,' ‘ (67
Cr ( - ) f:‘iW(C?n,T)dcl ( )
aR_ . 1\ e
el )(Rc, m) | (68)

The results hold for droplets with very thin transition re-
gion compared w1th the radius A<R, i.e., for density pro-
files of the shape

¢, PR (t) A/2

clrt)= l‘cs, P>RO+A2,

if ¢ is the stable and c; the metastable phase (in the op-
posite situation one has to substitute ¢;==c;). This strong
approximation fits very well for the nonideal plasma under
consideration.

-1t is clear from (68) that small droplets (r<R,.) w111
vanish, but supercritical ones (#>R,,) will grow further.
The solution of (68) glves the growth law '

R? R(t)—R, R()—R(0
_R: ( RO)- c,+(> OV e
k—1 R(0) _,Rcr ' Rcr Ce
For small times there is a linear connection '
k—1R(0)—R,
R(t)=Ry+t———577- 70
(D=Ro+t == (70)

After a transition time, the asymptotic growth of supercrit-
ical nuclei is again linear, however faster, since surface
effects are of less 1mportance -

—
R(t)=R(0) 4+t R .

(71)
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‘The dynamics of subcritical droplets is, at the first
stage, given by (70), too; after this, the shrinkage acceler-
ates and cannot be described within this model. In Fig. 10,
a numerical run is given showing droplet growth. The pa-
rameters are chosen above the line neq(T), i.e., the state ¢,
is metastable, ¢, is stable. The initial profile [Fig. 10(a)]
corresponds to atomic hydrogen with a single density fluc-
tuation being undercritical with respect'to c;. Therefore, a
spherical droplet of phase ¢, is growing first with a nearly
constant velocity. In Fig. 10(b), we “switch on” a new but
supercritical fluctuation, and a new spherical droplet
(spherical front) starts growing running after the first one.

Now let us remember that, due to nonideality, the real
diffusion coefficient D4 pp is not a constant but a nonlinear
function - of density with a.minimum. Now even the.sta-
tionary one-dimensional problem cannot be integrated,

dD d.
Dc"+ - (c )2= -2 U (72)
since it is—speaking again in the 'mechanical picture—
dissipative with the friction coefficient dD/dc.’

As shown in Fig. 5, the diffusion coeflicient can be-
come negative indicating a mechanical instability and a
phase transition. A peculiarity of hydrogen is, at least
within our model, that bistability of the source function is
always accompanied by negative values of Dj;yp. However,
the diffusion terms on the lhs of (72) are smallér than the
reaction terms (rhs) by several orders of magnitude (ab-
solute values). The effect is the following: The evolution of
the density profile in time proceeds on the first stage like
one with' D=const >0 forming a kink (see above). Only
when the step has become steep enough, the diffusion con-
tribution is going to be .of the same order as the reaction
terms. The result is a rapid increase of fluctuations until
the density has reached the values ¢; or ¢; being stabilized
by the reactions.

VIi. CONCLUSIONS

Quantum statistical theory has shown the possibility of
bistable ionization—recombination reactions as well as neg-
ative diffusion in a strongly coupled hydrogen plasma.
These results have been  obtained starting from kinetic
equations which account for the formation and the decay
of bound states as well as many-body effects. Generalized
expressions could be derived for the coefficients of ioniza-
tion and diffusion exhibiting an additional density depen-
dence due to the influence of the surrounding plasma. The
evolution of the number densities of the plasma species in
space and time was then described by a reaction-diffusion
equation that is valid for strongly coupled plasmas, too. It
turns out that many-body effects are the reason for inter-
esting nonlinear phenomena like front propagation, phase
separation, and droplet growth. These phenomena are non-
equilibrium counterparts of the equilibrium. plasma phase
transition. However, a strong theoretical description of the
kinetics of this phase transition is still lacking since it can-
not be found within the model of closed reaction-diffusion
equations presented in this paper. Especially, we have to
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drop the assumption of homogeneous pressure. A further
problem is to take into account the spatial and temporal
evolution of temperature, what will be done in a forthcom-
ing paper.

ACKNOWLEDGMENTS

This work was carried out under the auspices of the
Sonderforschungsbereich “Physikalische Grundlagen der
Niedertemperaturplasmen” and was financed in part by
the Deutsche Forschungsgemeinschaft.

APPENDIX: THE CHEMICAL POTENTIALS FOR
HYDROGEN

In this appendix, the interpolation formulas that were
used for the calculation of the chemical potentials in a
hydrogen plasma are given.

All formulas are written in Rydberg units:

e 1 A1 Ry
—5: =1, 6_7{_-;2—-"

The chemical potentials were split into ideal and interac-
tion contributions g, = !¢ + p™. The ideal parts are deter-
mined according to the standard expressions.

For the correlation parts of electrons and protons, we
have made use of Padé formulas of Ebeling and Richert
(cf.,, e.g., Ref. 20) given in an explicit form in.*’

For the correlation contribution of the electron gas,

the following Padé formula is a good approximation:
_ tep—3(mB) ™V 2R+ BT
11 =

He =18 In[1+ (1/16v2) (nB) /*(7,) V2] + 87,

with the abbreviations:

(A1)

3 173
e

pep=—(mB)~V*1,",
1.2217 6.2208
Hep= — —0.088 83 1n(1+—ro'7—).
5 5

The result for the proton gas is

g (upp/kpT) [1—2a (ppyc/k pT) |
kT 1—2am)/* [,/ (upn/kpT) +7, (/b 5T)]

(A2)
with
n,=88n, T'=(@m7,)"",
and

=5 [t [+ e (s 7 |

—0.299 31],
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Hop=—3" 2.1605(7,) "2,

“_M_C-_-_1.1928r+3.5382r‘/4—0.50121n(r)
kyT
~1/3
T,
-2.9761— 0.0933
61—y L

+0.8206(7,) ~ 14 —0.2287(n,) ~ 1],
P P

For the interaction contribution of the atomic chemi-
cal potential, the model of effective hard spheres with
temperature-dependent diameters dy(7T) according to
Carnahan and Starling®® was used:

B 8—9p+3Y (A3)
kT Y (1=p)°

with the packing fraction parameter y=(7/6)ngldy(T)}*.
The diameters dy were determined following Barker—
Henderson theory.*
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