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1. Derivations in full notation

For the following derivations we repeat several equations from the main text. From
Hedin’s equations (or the respective scheme for the bare interaction) we rewrite the

Dyson equation [main text: Eq. (91)],

G, ('217 Z2) = Gz('?) (217 22) + (1)
+ /C dz,dz, %GE&) (zl, 23)Zmn (2’3, Z4>an (24, 22) ,
the selfenergy [main text: Eqs. (95), (97) and (101)],
% (zl, z2) = EZ.Hj (zl, 22) + ZZ}C (zl, 22) , (2)

EZ‘? (21,22) = ihmzpqwipqm (2’1) /Cdz3 ;Gmn(zl,23>Anqu (23,22,21) . (3)

¥ (z1,22> = ih/cdz3 > Wiam (zl,zs) X (4)
mpg

/Cdz4 zn: G, (zl, 24)anpj (z4, 2y, 23) ,

the interaction [main text: Eqs. (102)-(104)],
bare ns
Wik (217 ZQ) = Wik (Zp Zz) + Wik (Zp Z2) ) (5)

M/z(jlk)l (Zl’ 22) = Wf}f;e (21’ Z2> = 0¢ ("517 Z2)wijkl (Zl) ’ (6)
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W
and the polarizability [main text: Eq. (105)],
Pijkl(ZPZQ) = :I:ih/cd23 ;Gim(zl,z?)) X
/ch4 Zn:Gnl(z4,Zl)ijkn(z3,24,z2) )
The first-order selfenergy reads [main text: Eq. (158)]
Eg) (Zp 22> = Eij (zl, 22) + ij (217 22) ,
with [main text: Eq. (156)]
S5 (2, 2) = B (WO = whee 1) =
= iho, (zl, 22) %wmjm (zl)Gmn (zl, Z1+) )

The zeroth-order screened vertex becomes [main text: Eq. (155)]
(0) _
Lk (217 Fo) 23) = 0¢ (21> Z2+)5c ('237 z2)5z‘k5jl :

1.1. Second-order selfenergy contributions

1.1.1. Direct second-order selfenergy

ij?cl (Zl’ 22) = ; Wirnni (Z1> /Cd23 % B gom (217 23)W

(10)

(11)

The first second-order selfenergy term involves W(z), which structurally is given by, cf.

Eq. (),
W(2) — WS (p(o) W(l)) )

The structure of the zeroth-order term of the polarization is
PO =p(T%).

Thus, it is given by

PA(O)

ikl (szz) = :I:ih/cdz3 ;Gim (21,23)

/Cdz4 ;Gnl (24,21)(5C (23, Z4+)5c (22,24)5mk5jn

= FihG,, (zl, 22) Gﬂ (zz, z1> .

(12)
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Inserting this result into Eq. , one arrives at

Wukz(zpzz) szmnl( ) (15)
/Cdz3 ). :I:ihan(zl,z3)qu<zg,zl))éc(zs,zg)ijkq(z?’)

and, employing Eq. , finally, one has
VVz(fk)l (217 ZQ) (16)
= Fih Z Wi (Zl> Z an (217 Z2)qu (227 Z1>ijkq (Z2> :
mn Pq
With this, 220 can be calculated as, cf. Eq. ,

2(2.)’2’0 (zl, 22) (17)

/Cdz4 zn: Gmn 21, 24) dc <z4, Z2+)5C (zg, 22) 5np5qj )
Evaluating the terms, one arrives at
21(72‘)72’0 (21’ Z2> (18)
= :I:(ih)2 ; G, (zl, 22) zt: G, (21, zg)
XT: Wirsm (Zl) Xu: Winju (22) G, (zw 21) -

1.1.2. Exchange—correlation second-order selfenergy

(2),1,1

The other second-order selfenergy term, Eij , requires the first-order term of the vertex

I', the structure of which is

r® =r oz /66, 17) . (19)
This term involves the functional derivative of ¥**™ with respect to GG. One has
XC (1) XC,(l),F
(5EU (zl,z2) _ 5Eij (21,22) | (20)
5Grs (ZS’ 26) 5Grs ('257 26)

Employing Eq. , one finds

xc,(1)
0T (21:2) = 1180 (21, 25) D w0 (21)

1772

oG, <z5, 26) mn m
= ih5c (Zl’ 22)56 (Zl, 25)50 (Zl, ZG)wisz‘ (21) )

(21)
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where
0G, .2, 2
(SGW;((;,Z'QB) =0, (zl, z5> dc (zQ, z6> (5Z.m(5jn (22)
has been applied. With this,
ngl'l)el (217 2> Z3) (23)
sy (2
— /Cd,zéldz5 % (5Glmn((z4l, 25) /cdzﬁ Zp:Gmp(z4,z6>

/Cd,z7 Z an (27, 25)F;Q)kq (26, 2, 23) )
q
Using Eq. , one has
FS‘Z:I (317 2% Z3) (24)

= ihd, (zl, ,22> % w,,, (Z1> /Cdz6 zp: G (zl, 26>
/Cdz7 zq: an (27, zl)Fg]).)kq (z6, 2 23> .
With Eq. , finally,
ngl'l)cl (217 <9 Z3) (25)
= iho, (21, 22) ; W, (zl)Gm,C (zl, ,23) Gjn (23, Z1)
ensues. Inserting this result yields
25)’1’1 (Zl’ 22) (26)

= ih/cd23 W%Wi;};m (Zl, 23) /Cdz4 ;Gmn (21, Z4>I’£qu)pj (24, 2y, 23) .

Employing Egs. @ and , one arrives at

Zg)’l’l (zl, 22) (27)
= ihmzpqwipqm(zl) /Cdz4 ;Gmn(Zp%)F%)pj (24,22,21)

= )" 0 ()5 o (12) Sy ()6 (o 2) o 202)
mpq n

rs

1.2. Third-order selfenergy contributions
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1.2.1. Third-order term: ZE?)’{&OQ}’O
Using Eq. (7)), one finds

Wi (21,2) (28)
= S () [ 5 DG (2105) o (502 Wi 2).
Employing Eq. vields
Wi (2, 2,) (29)

= % w, (zl) /c dz, % (iihan (zl, z3) Gom (23, zl))
(ilh ; wprsq (Z3) ; Gst (23’ 22) Gur (’22’ Z3>wtjku (Z2)> ’

Evalutating and reordering, one has
WL (2, 2,) (30)
= (in)’ > i (1) [ 4z 36, (50:28) G (20021) 2 10 (35)
%: G (25:22) G (200 2 w500 (7)) -
With this, the first term of the first third-order selfenergy class, ®*°, becomes
SO0 (5 2,) (31)
—ih /C dz, Z w0 (2 2, / dz, ZGmn<z1,z4)F£Lq)m (2423, 2) -
Using Eq. (11), one has
SO0 (5 2,) (32)
= (ih>3 % G (21 2,) Z W, (%) /C dz, %: Gol(21,2) G, (2502,
%U: Wy (23> % (E <Z3’ Z2) G (Z2> Z3>wrnjy (Z2> :

1.2.2. Third-order term: 253)’{3;1’1}’0
For the second class of the interaction, W(3)’1’1, the first-order contribution to the

polarizability is needed, which is given by, cf. Eqgs. and ,
1 1
P21 22) = P2 )(F( ) (33)

—jzlh/dz ZG /dz4 ZG z4 1>F( zkn(z ,z4,22).
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Employing Eq. (25), one arrives at

+(in)” [ dz, PRICMCRENDIIEMCHEY
%: Wy (23) G (25 %) G (79, 25)
Inserting this result back, one finds, using Eq. (7)),
Wi (2 22) = S wial(21) [ S P (210 20) Wi (200 2)

= %wimnl 2 /Cdz3 > (i iﬁ /Cdz4 Z:GW 2177‘4)28:(;5771(24721)
; W5t (24) th ('24’ Z3> un <237 Z4)> O¢ (237 ZQ)ijkq (22) . (35)

After reordering, one has

‘/I/i(j?;c)lyl’l (Zp 22) (36)

— j:(ih)2 ; w,, (zl) /c dz, Z G, (zl, 23) XS: G,. (23, Z1)
D Wy (23) %q: Gy (237 Z2) (22 Z3> Wpikq (z2) :

tu

With these results, the second term of the class n330 i found, using Eq. 1}
1 22) (37)
1h/ dz, W(;;; ! z ) 25 / dz, Z G, (z Q)ngj (24 )
mpq
Using Eq. , one finds
EE?H&LH’O (Zl’ 22) (38)
= i<ih)3 Z G (21’ 22) Z Wirsm 21) /c dz, ; Gy (217 Zg) Z G, (Z3’ 21)
5 (5) T 2) 2 (5)-

2(3),{3;1,1},0(

1.2.8. Third-order term: $\2!
ij
Continuing with the second class 2(3)’2’1, it is directly worked out by combining Eqs.
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and (23).
P (2,2,) = ih [ dz, > W (2.2, (39)
/C dz, ;G 2,2 ) T (2423, 2)
Inserting Eq. yields
S0 (2, 2,) (40)
= :i:(ih)s /c dz, W%:swmm (=) %: Go(21,2) Gy (25 2) %}: Wy (%)
zn: G (21:2,) %} W0 (%) Gy (20 23) Gy (230 2 ) -

1.2.4. Third-order term: 33 LA%LL}
ij
For the single contribution to the class F(Q)’l’l one finds, employing Egs. and 7

yoxe (1)
[ dzd il 21’22 [ d G
zgkl Z1 Z9 23 z,dzg Y 6 Z mp 24 ZG)
mn G Z4 5

/C dz, }q: G, (772 ) T (261 2 23) (41)
Evaluating the derivative yields
B (2120 25) (42)
= (12) S () [0 56, %)
[ S G2 ).
Employing Eq. (25), one finds
rgj)jﬂ(zl 2y, zg) (43)
= (i1) 5, (21. 2,) POLTA G ) [z ZGmp 21, %)
56 2) S ()60 2)6, o 5)-
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This enables the computation of RO AL iy Eqgs. and @,
3),1,{2;1,1
27(;]') { }(21’22) (44)

= ih/dz3 ZWi(;I)m 21,23 /dz4 ZGmn(zl,24>F£3£’1(z4,22,z3>

=1ih Z wlpqm 2, /dz4 ZG 21 z4) nq)p; 1(24, 22,21) )
Using Eq. , one arrives at
ZS)’LQ;LI} (217 22) (45)
= (ih)3 n% Wipam (21) ; G, (Zp 22) TZS W, (zz) /C dz, ; G, (22, z3)
; Gs (237 Zz) %} Wiy (23) va (st 21) qu (217 23) :
1.2.5. Second-order vertex terms
For the first terms, one finds

p(@,{2:2,0}, 0

55 (2)20(z1 )
ikl 21722733 /dz4dz5 Z 5 (z z /dZG ZGmp “4 Zﬁ)

/dz7 Z G (27, 25)F$)kq (26, 2, 23) (46)

()2,0

_/dz4dz 2 <<21722)Gmk(z4,23)G (23 z5>

24,z5)

Inserting Eq. (1§), the term attains the form

1(2):{2:2.040 (zl,zz,zg) = :I:(ih)2/cdz4dz5 (47)

ijkl
0 (%q: qu (Zl7 Z2) %t: Gst (Zl7 Z2> Z wirsp ('21) ZM: wtqlu (22)Gur (227 Zl))
2 G (o)
G, <z4, 23) Gjn (23, 25) )

Evaluating the derivative, one has

(2),{2;2,0},0 (2),{2:2,0},0,A
Lok (21 “2 23) = Tiin (21 “2 23) (48)
(2),{2:2,0},0,B (2),{2:2,0},0,C
+ Tk (Zl Z9) 23) + Tk (21 29> 23)
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with
TEE2OA (5 2 2,) (49)
= +(in)’ >36, (21, 2,) > i (=)
Eu:wmlu<22) (202) G (21.2) G (25 2)
and
rEE2008 (2 z,) (50)
(1)’ 56, 1) St (2)
> ot (2,) Gy (2021 ) G (210 23) G (25 2)
as well as
r&E2000 (2, 2,) (51)

+ (ih>2 % %}: qu (zl, 22> zt: G, (zl, 22)
Wy (zl>wtqlm (22) G, . (22, 23) Gjn (23, Z1) .

Similarly, one finds

(52(2)11 24,2
2){2;1,1},0 1’ 2
Fz(jl)cl{ . (Zl Z9 Z3 /dz4dz5 Z (

25, ( /dz6 ZG z4 ZG)
/dz7 ZG 27 5) m)kq(z 727,z3>. (52)

Inserting Eq. (27)) yields

FS.I)C’I{Q;M}O 21, %y, 3 <1h) /dz4dz (53)

(Z w; p( ) % qu( 1 2) Zquult( )Gt (Z2 Zl)Gsu<zl’ Z2)>
; 0G0 (24 25)
Goi(242) G (25 25)
which, after evaluation of the derivative, yields

(2),{2;1,1},0 (2),{2;1,1},0,A
F.jkl (zl 2y, z3) F]kl (zl 2y, z3) (54)

(2),{2;1,1},0,B (2),{2;1,1},0,C
+Fﬂ€l (Z s % 3) +F]kl <Z 7Z2723)7
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with
Fz(]?l)c,l{ZLl}’O’A (217 95 23) (55)
= 1h> i %; 25: Wirsm (Zl) ; Wit (ZQ) (ZQ 21>
G, (21, ZQ)Gmk (Zp ,23) Gjn (23, z2)
and
FEJQ';}{QJJ}’O’B (21’ “2 23) (56)
A ODMILIMCIPBMCIEND STWRCY
G, (zl, zz) G, . (22, 23> Gjn (23, zl)
as well as
Fgl)c}{zl’l}’oyc (21 2> Zs) (57)
+ (ih> ZZw ( ) ZGm('Zl 22) qunlt( )

mn  pr

60 (2225

1.2.6. Third-order terms: 255)71,2

With this result, the corresponding selfenergy terms can be computed,

SOLEE2000) () (58)
—ih / dz, Z W (2,2 / dz, ZGW 2,2, ) D E2OLON (2
=i 3 W (1) [, 020 3 G (21 2) Tl ™ (202 2,).
Inserting Eq. (49), on: ];qrrives at
S@MER2M0AL L Y = 4 (in) n%q W (%)) (59)
[, S CIENDIECHCNNDILICN
zwj Wy (2) G (22024 Gy (202, ) Goa (21 2) -
For the second term, one has

3),1,{2:{2:2,0},0,B
Eij) {0} }( 1 z2> (60)

=ih Z wl.pqm /dz4 Z Gmn 2, 24) nq)p? 2,01,0,8 (z4 2y, zl>

mpq
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Using Eq. yields

ZZ(.?)’L{2;{2;2’0}’07B} (Zl7 22) (61)
= j:(ih)s mzpq W,ipam (zl) /c dz, ; G, (21, ,24) ; tZ G,, <z4, 22)
; Wt <Z4) ; Wsyjw (22) G (sz Z4) Grp (Z47 21) Gqs (Zv 22) :

The third term is given by

27(;?)717{2;{2;270}»070} (217 Z2> (62)
=in ) Wipam (zl) /Cdz4 G, (21, z4)F1(31;;{.2;2’0}’0’C (z4, Zy), Z1> .
mpq n

With Eq. , one finds

EE?),1,{2;{2;2,0},0,C} (217 z2) (63)
= :I:(ih)3 gzpqwimm (zl) /Cdz4 Xn: Gmn(zl, z4) %: ; Gm<z4, 22)

%u: va (24’ 22) W st (24) wwujr <Z2> Grp (Z2’ Zl) Gqs (Zl’ 24) :
For the other class, one has

22)117{2;{2;1,1},0714} (Zl’ 22) (64)
= ih/cdz3 %qu)m (zl, 23) /Cdz4 En: G, (zl, z4)1“£b2q)1;§2;1,1},0,A <z4, - 23)
= ih%wimm <Z1) /Cdz4 ;Gmn(zl, Z4>F1(3};;71,A (24’ - 21) ‘

Inserting Eq. yields

Z1(;?),1,{2;{2;1,1},0,A} (217 z2> (65)
- (ih>3 n%,;q Wipgm (zl> /c i zn: G <le Z4> ; tZ: i <Z4)

%; wswjv (22) G’Ut (22’ Z4> Guw (Z4’ ZZ) Grp <Z47 Zl) Gqs (ZP 22) :
Similarly, the second term reads

3),1,{2;{2;1,1},0,B
SOLEELOB () (66)

= ihmzmwipqm (zl) /Cdz4 ;Gmn (zl, 24)1“512(1)];?;1,1},0,13 (247 - Z1) '
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With Eq. , one has

3),1,{2;{2;1,1},0,B
SOLELDOB) () (67)

- (1h> waqm Zl)/dz4 ZGmn 217Z4>Zzwnsvt( )

W
> G, (24, %) > Wy (2) G (200 2) Gy (2021 ) G s (2124
For the third term, one finds
I CES) (68)
1h2wwqm 2 / d2, 3G, (2,2, ) TOAZIOC( o 2)).
Employing Eq. (57)), one arrives at

ZOLEELDOCH(, ) (69)
- (1h> szpqm Zl)/dz4 ZGmn ZI’Z4> Zzwnvrt( )

rs tv

zu: Gtu <Z4’ ZZ) Xw: wusjw (22) wv (227 Z4)Grp (24’ Zl) Gqs (Zl’ 22> :

1.3. Resummation approaches: GW approzimation

The GW approximation solves Hedin’s equation for the screened interaction W according
to Eq. @) with the zeroth-order vertex I''”). The set of equations is given by the Dyson
equation, cf. Eq. ,

G, (zl, z2) = GS)) (zl, 22) (70)

the equation for the selfenergy [cf. Eq. .

2 (Zp 22) = EH< 2, 2) + X5 (zl, 22) (71)

with
S (20:3) =10 [ dz, > W (21:7) (72)
/ dz, Zamn (20, 2T (242, 2)
—in Z i (710 %2) G (21,2
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the zeroth-order polarizability, cf. Eq. ,

L (Zp Zz) = F)i(j(gl (217 22) = +ihG, (217 Zz) sz (sz Z1> ) (73)
the zeroth-order vertex, cf. Eq. ,

Ln (217 9 23) = F’E]l)cl (ZP Z9) 23) = 0¢ (zp Z2+>5c ('237 z2)5ik6jl (74)
and the screened interaction [cf. Eqs. and ([7))]

VVijkl( <15 2) =0 ( ~15 2)w kl( )+VV£ZZ( ~15 2)7 (75)
with

W:ﬁ;z (217 Zz) (76)

- szmnl <1 / d23 Z ngpm (Zl’ Z3) ijkq (23’ ZZ)
= iih;wimnl /dz Z an b 3) <23, z1>ijkq (23, 22> .

To solve this set of equations, one has to determine the selfconsistent solution of Eq. .

Thereto, it is more suitable to eliminate the singular bare interaction by using

szrﬁcl (217 22) = Wiin (Zp 22) WEZT (217 Zz) (77)

= Wiin (21, 22) — ¢ (21’ 22>wijkl ('21) :
The selfenergy [cf. Egs. and ] in terms of W™ is then given by

Zgw(zl,z2) = Zg( 215 2) + 1hZWme<zl,22)G (21,22)

- ZE( &L 2) lhzwlmm< ) mp<zl’zl+)5c(zl’ 22)
+1hzwggm( 2, %) G (21,2 - (78)

Using Eq. , the expression simplifies to

ng (Zl’ Z2) (79)

= Eg (zl, 22) + Efj (zl, 22) +ih Z I/V:;jm (Z1= 22> G (21, ,22)

=: Eg. (zl, 22) + Zz.Fj (zl, 22) + ng,corr (zl, 22) :
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For the screened interaction, one has
W:ﬁ;z (217 Zz) (80)

= +ih % Wit (21) % G (21:22) G (22 21) W0 (22)

+ iﬁ;wimnl (zl) /Cdz3 %an (Zp 23) Gom (zg, zl)ngskq (zs, 22) .

1.4. Resummation approaches: T matriz

In contrast to the GW approximation, the 7" matrix is an approximation, which takes
only the bare interaction w into account and aims instead at a good approximation of

the bare vertex function A. Thus, its constitutive equations are the Dyson equation,

G, (zl, 22) = (81)

GEO) 215 2 /dz dz, ZG ( 2], 3) (23724)an(24,22),

the equation for the selfenergy, cf. Egs. (2]) and @,

X (21’22) = Eij (szé) + X (21’2'2) (82)
with
I (zl, 22) (83)
1h%w1pqm 2, /d23 ZGmn(zl,Z3>Anqp] (23,,22,21)

The bare vertex A is self-consistently given as the solution of

A (217 Z9) 23) = 0¢ (Zl’ Z2+)5c (237 22)511@531 (84)
/dz4dz 2 5G z4,z5 /dz ZGmp 245 % 6)

/cdz7 Zq: an (z7, z5)Am.kq (26, 2, 23) )

If these equations are iterated ad infinitum, all selfenergy terms will be
generated. To break the circular dependence between Egs. and , the T-
matrix approximation starts by taking the bare vertex on the right-hand side of Eq.

only in zeroth order,

Az('?l)cl (21 1 %9 Z3> = 0¢ (Zp 22+> O¢ (Z3> 22) 03101 (85)
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transforming it into

Ajlkl (21,22,23) =X (21 Z2+)5C(23722)5ik5jl (86)

520
+ /c dz,dz; Z (SG((;;QS)GM (z4, Z3> G ('23’ 25) :

To arrive at a closed equation, this result is used in Eq. (82)), yielding
S0 (2 2) = B (21, 2) + 255 (2, 2) (87)
=51 (2, 2) + lh%qwimm / 4z 3G, L)AL (202,2,).
Inserting Eq. (86), one has
S0 (21, 2) = Fihd, (2, 2,) ;wmjn (%) G (21,214 (88)
+ih;wmjm( )G (21204 )00 (21 2,)
+ih Y w5 / 4z 3G, (20, 2)

mpq

/dz4dz5 23 z2) G p(z4, 21>Gqs (zl, 25) .

(24 )

This term can be restructured to yield
cl
£ (2, 2) (89)

= iho, (Zl, 22) %; G, (zl, zl+>w;jm (zl)
+ih Z Wypm (zl) /C dz, Z G, (217 23)
mpq n
o2 (2.,
[t 220 (o) ()

with the (anti-)symmetrized potential wikl (Z1> =W (Z1> £ W (Z1>- Using Eq.

again, one finds
cl
Eij (zl, 22> (90)

= Eg. (21,z2> + Z.F. (zl, 22) + ih;p‘;wipqm(zl) /(de3 ;Gmn (zl, 23>
Ed
/dz4dz5 Z Ez z ;G (24,21)Gqs(zl,z5) .
40 %5
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Taking the derivative with respect to GG, one arrives at
x4 (2.,
M = iho, (zl, 22) dc (zl, z6>(5c (z1+ , 27) wiﬁ (z1>
(522’A (zl, 22) N (523’}3 (zl, 22)
oG, (26, 27) oG, (26, 27)
522’13 (zl, 22> )

oG, (zﬁ, 27)

(522.’0 (zl, 22)

_l’_
oG, (26, z7)

_|_

with

and

cl
dz4 XT: WGW('Z‘U Zl) ,

16

(91)

(92)

(93)

(94)
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as well as
525)1.’]3 (21, z2)
oG, (26, 27)
=ih Z Wyom (zl) /c dz, zn: G, (21, 23)

mpq
(5221. Zay 2
/Cdz4d25 ; 5. (z4, ;5552:226’ 27) Grp (24, zJGqS (zl, z5> )

(95)

5261_(2' \Z )
. o (2307 . . .
Neglecting 5 (o )36, (7o) as an approximation, Eq. ‘D becomes a closed equation

5% : : :
for ©. The first iteration yields the second-order terms

6G
52;1.’(2) (Zl, Zz) 62:]1.’(2)’A (Zl, zg)

0Gy, (240 27) ~ 0Gy, (240 27) (96)
055 BB (2, 2,) ) 0552 (2, 2,)
0G,, (20 27) 0G (2 21)
with
055 P (), 2,) o)
0G,, (240 27)
= (ih)Qéc (21 2) 00 (29 27) % w0 (%)
50 ()6 (502G (52)
and
055 (2, 2,) 8)
0G,, (2 2)
= (ih)2ac (21, 2)8e (250 2) % Wi (1)
§nj G (210 2) Z wi (%) G (2 2)
as well as
055 (2, 2,) )

oG, (zﬁ, 27)

= (ih>2(5€ (zl, z6>5c (22, 27) % Wypim (zl>
Zn: G, (zl, 22) ZT: wi[ujr (22) Grp (zQ, zl) :
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cl,D

60X (2, ,2 X .
Note that, for the first iteration, M is exactly equal to zero, thus Eq. is
tu\%6"%7

also exact up to second order in w. In the following, each of the three terms will be
considered separately. To start with, one recognizes that all three terms yield the same

first and second-order contributions to the selfenergy, which read
S0 (2, 2) = S (2, 2) + 50 (21, 2) (100)
Z:;’@)( L 22) = (ih)2 Z Wy (zl) Z G, (Zp z2) (101)
mpq n

TZS wi[sjr <Z2) G, (227 Zl) G (217 Zz)

and agree with the exact first and second-order terms, already encountered in Eqgs. @D,

and . The third-order contributions to X% from the second-order terms in
Eq. are given by
2;:;(3),1& (217 2’2) =1ih Z Wipom (21) /Cd23 Z G, (zl, 23> (102)
mpq n
soel (2),A (237 z2>

)
/dz4d25 Z "
1

s 0G <z4, 25)

Inserting the second-order term yields
SO (2, 2) = (ih)?’%w@qm (2) /C dz, Zn: G (21, 2) (103)
223 (3) i ()
Gy(2:2) G (23%,) G, (2021 ) G (21, 2) -
For the second third-order selfenergy term, one has
SO (2, 2,) = ih3 i, (1) [z PRIEMMENEN (104)

SOR( )

1)
/dz4dz5 Z n]
1

rs 5Grs<z4725)

Grp (24, Z1> Gqs (zl, z5> .

G ()G (21051).
which evaluates to
SOB(; L) = (ih)ggquwipqm (1) [ dz POIEMENEN (105)
523 e (20) 32 G (20022) i (22)

Gow (zg, 22) Grp (22, 21) GqS (zl, 23) )
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The third term reads

SO z) = 1h Y w5 / 4z 3G, (202) (106)
mpq

d‘( )C(z z

/dz dz Z i 2) GTp(z4,zl)G (zl,z5).

rs (SG (24, Z5>

(107)

Using the second-order result, one arrives at

Z%:(S),C (217 22) = ih Z Wypom (zl) /Cdz3 Z G, . (zl, 23> (108)
Z Z Wt (ZS) Z Gtv (ZS7 ZQ) Z wv83w (22)

rs tu

G (z2, z3) Grp (23, 21) Gqs (zl, z2) )

2. Non-selfconsistent second-order selfenergy contributions

2.1. General basis

The first two classes are just the same as in the selfconsistent approximation, cf. Eqgs.

176) and (183) of the main text, with the replacement G — e Likewise, their
(

components follow directly from Eqs. (184) and (185) of the main text. For the third

and fourth class, one needs the contributions to G(I), which are

and

1] 1772

_/dz dz4ZG (1, 3) HO(Z 24)G7(g.)(z4,22)
= j:ih/cdz3 %Gim zl,z3) %q:wpmnq(ZS)G((;;) <Z3’23+)G7(g) (z3,22)

GO0z 2 (109)

GOENO(s 2 ) (110)

_/dz3d24 Zsz <z1,23)2F0<z3,z4>G(0) (24,22>
= ih/cd23 %Gim (Zl, 23) %wmw (zg) GI()(;) <z3, 23+)G7(3_) (23, Zz) :



Supplement “Ultrafast dynamics of strongly correlated fermions” 20

With these results, the additional non-selfconsistent contributions are

as well as

and

as well as

ZE?)’{H’O}’{I’{H’O}’O} (Zp 22) +ihd (zl 22) Z W, iin (zl) G( ), {H,01,0 (zl, Z1+)
= (ih)25c (zl, z2> Zwmijn<zl> (111)
/c dz, %q: GS;) (217 Z3) ; Wipgs <Z3> Gi?,) (237 Z3+) Gé?lb <Z37 Zl+) )

nm

= :l:(lh) HEREN Zwmwn( ) (112)
/Cdz3 %q: an (zl, 23) %: W0 <z3> Gig) (ZS, 2’3+)G§% (z3, Z1+)

Z@),{H,O},{l,{F,O},O} (z 7 22) = +ihd, (217 zQ) Z - <21> GW-AF.03,0 (’Zl7 Z1+)

mn

= = (11) 0 (21522) 3 (51 (13)
/c s gq: anp <Zl’ Z3> ; Prpas <Z3) Gi?“) (23’ 23+) G(q?z) (Z:v Zﬁ) ’

SN (o Y _ing (2, 2) Ty () GOEI0 () 2)

Zgi)’{F’O}’{l’{F’O}’O} (zl, 22> = iho, (zl, 22) Zwmjm (zl)GSW)I’{F’O}’O (Zl, Zl+)
= (1) 0 (21:22) 2 i (=) (114
/Cdzg %;Gfgp zl,z3> %:wpsq ( )G(O (z3 23+)G( )(23 z1+>.

The corresponding components are all time-diagonal and read

EEJQ-)’{H’O}’{L{H’O}’O}’&(t1> (115)
_ (ih>2 ; Wsin (t1> (
[ty 0 (101) S, ()68 (1 )G (11

0

+/ dt, Zan (t,, t)prqs<) GO (tyt,) GO (1, t))
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and
ZE?),{H,O},{I,{F,O},O},& (tl) (116)
— 4 (ih)2 % W, (1) (
[ty TG0 (1) Xt ()G (1 ) G (1)
0 rs
+ /tto dt3 %1: Gg;))K (t17 t3> Z wpsqr (t?)) Gf'(s))7< (t3’ t3) G((J(r)r);> (t37 tl)) )
1 rs
as well as
EE?),{F,O},{L{H,O},O},(S <t1) (117)
= +(ih)" ;L 0 (1) (
[ty TG0 (1) S ()60 (1)60 10
0 rs
[ty 360 (1) S ()6 ()60 (11 )
1 rs
and

SOHFOLLEOL01 (1 (118)
_ (ih>2 ; - (

[ 60 (1) D 0 (8 G (1 1,) G (1)

ty Pq
(0),>

[ty G0 11) Bt ()G (111,) G (1))
1 rs

2.2. Diagonal basis
For w,;,, = 5il(5jszj, the non-selfconsistent selfenergy terms attain the form, cf. Egs.

(189) and (191) of the main text,
2),(2),2,0,0,diagonal
@@ (2, 7,) (119)

1772

EE?),Q,O,diagonal (Zp 22) (G _ G(O)>

and

2),(2),1,0,1,diagonal
£ () (120)

= E(?),l,l,diagonal (Zl, 22) (G N G(O)) :

ij
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as well as

2),{H,0},{1,{H,0},0},diagonal
(20801, (10) 0} dingonal ) (121)

= (1) b (21:22)0, 2 w(2)
/d23 > GO (2.2,) G (. 1+)Zw ()G (25, 2 )

and

Z(2) {H,0},{1,{F,0},0}, diagonal( ZZ) (122)

()25, B2
[ 360 ) Y ()08 () 5

Further,

EE]Q'),{F,O},{1,{H,0},0},diagonal (ZN 22) (123)
= :l:(ih)25 (Z1 zz)w (z1>
/dz3 ZG 21 z3) Zw (23) (23 z3+>G$.) (z3,z1+)

and

27(;]2'),{F,O},{1,{F,0},0},diagona1 (Zl, 2’2) (124)
= (ih)25 (zl 22)w (zl)
JEED S CREND S N I CRE I CRES

The components read [cf. Egs. (191) and (192) of the main text]

EZ(?),(2),2,0,0,diag0nal,2 (tl, t2> = zg),Z,O,diagonal,z (tl, tQ) (G s G(O)) ’ (125)
(2),(2),1,0,1,diagonal,= _ w(2),1,1,diagonal,= (0)
iy L2 (3, ) = e g g ) (@ = 6¢7), (126)
as well as [cf. Eq. (115) to Eq. (119)]
(2),{H,0},{1,{H,0},0},diagonal,é
iy Bl () (127)

= ()5, S, o)
/ dt, ZGmp (t,, t)Zw (t5) G (tyt,) G (1,1,
o [t S () S, ()61 t)G;2’>(t3,tl)>
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and
ZE?),{H,O},{I,{F,O},O},& (tl) (128)
= ()5, ()
/ dt, G (¢, t)Zw (t5) Gty t5) GO (1,1,
[ G () S ()60 ()60 (1))
Further,
Z5]2'),{F,0},{1,{H,O},O},diagonal,é (tl’ tz) (129)
= (i) (1)
tl
e 265 (ota) S (1) 67 ()G (1)
[ty S0 (1) S ()60 ()65 (1))
1 p
and

ZE?),{F,O},{l,{F,O},O},é(tl) (130)
= ()" w0
[ 00,60 11 S ()60 (1 8)60 (1)
[0t G 18y) S ()6 (1,160 (tg,tl)).

2.8. Hubbard basis

In the Hubbard basis, the non-selfconsistent contributions attain the form

ZEi)J(iQ) ,2,0,0,Hubbard,b (Zl, 22) (131)
= Zwéji ,0,Hubbard,b (21’ 22> (G N G(O))
and
255)30(42) ,1,0,1,Hubbard,b (Z : 22> (132)

_ y(2).1,1,Hubbar d,b(zl’ 22> (G _ G(O)) ’

iajo
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as well as

52(2).{H.0} {1.{H.0},0} Hubbard.b (z 22> (133)

iajo
- ()0 2)3, 20 2)
fm 0 (o ) m0) 0 ()6 )

and

$(2).{HL0}.{1.{F.0}.0}, Hubbadb( 2, 2) (134)

V4
iajo

= (1h> dc (zl, 22>5l.]. zﬁ: U(zl)
/chB ;GES;€<21,Z3) ( )G(O) <23 23+)G;26<23,z1+).

Further,
2),{F,0},{1,{H,0},0},Hubbard,b

za]a

= (1h> ¢ (zl, 22>5ijU<Zl)
/Cdz3 Zp: Gg?pa (zl, z3)U<z3> 26: Glge (zg, 23+>G;(;[2m (23, zﬁ)
and

5(2).{F.0},{1,{F.0},0}. Hubbard b (z ’ z2> (136)

iajo

= (177,) dc (zl, 22)5ijU (zl)
/c dz, zp: Ggg)pa (zl, 23) U (21) Gggpa (zl, Z1+> GI(J?y)ia (23, Z1+) ,

for bosons, and

(2),(2),2,0,0,Hubbard,f
Ewga (217 ZQ) (137)
(2),2,0,Hubbard,f (0)
= X (zl, 22) (G -G )
and
(2),(2),1,0,1,Hubbard,f
Zzaga (Zl’ 22) (138)

_ y(2).1.1,Hubbar df( ’22) (G . G(O)> 7

iajo
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as well as
ZEi)j,iH,O},{1,{H,0},0},Hubbard,f(Z : 22) (139)
= ()"0 =, %)% 20 (=)
/ dz, Z Gzepe (Zp 23) foge (Z?n Z1+) ; U<Z3> ;?p( (23’ Z3+) ,
ZZ(iJiH,O},{1,{F,0},0},Hubbardf( 22) =0 (140)
and
Eg)jiF ,04,{1,{H,0},0}, Hulobardf(z17 z2) =0, (141)
Egz)jiF ,0},{1,{F,0},0},Hubbard, (Zp z2> =0, (142)
for fermions. The components read
Zgz)jf),z,o,o,Hubbard,b,z (t17 tz) (143)
_ Egi)j,z,o,Hubbard,b,z (tl,tz) (G N G(o)) ’
ZEZ);O(LQ),I,O,1,Hubbard,b,2 (t tQ) (144)
— EEZ)J; 1,Hubbard,b,> >( N t2> (G _ G(O)) :
Zgz)jéz) 200Hubbardf>(tpt2> (145)

= EEa)j,i,o,Hubbard,f,2 <t17 tg) (G N G(O)) :

2),(2),1,0,1,Hubbard,f,=
S Mty t,) (146)
_ «(2),1,1,Hubbard f,> (0)
=3 2t t,) (6= G,
as well as
2),{H,0},{1,{H,0},0} ,Hubbard,b,s
I () (147)

- (i)'s, o)
/ttl dt, ZGES}? (tl,t ) o ( )ZU( ) pcpc (t ¢ )

0

+/ s ZG“’“( ) pei (tfﬂ’tl) U( ) p<p< (t t))
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and
Z,('i)j’iﬂo}’{1’{F70}70}7Hubbard7b76 (tp t2) (148)
- ()5, ()
[t TG0 (1)U (1) 00 (1) A 1)
0
+ /t fO dt, ;agggj (tl,t3>U (tg)Gg’j (t3,t3)G§2;> (t3,t1)> :
Further,
EE?;E ,0},{1,{H,0},0},Hubbard,b,s (t ’ t2) (149)
= ()'0,0 (=)
[ T Oz (1)U (1) T (1 1) (100)
[ty 3G (1)U 1) 360 (1t ) (1) |
and
ZEz)j,o{CF,O},{l,{F,0},0},Hubba1rd,b,6 (t17 tg) (150)
= (i)'s,0 (1) (
/ Uy S G (1)U (1) G0 (1, 1,) A (1)
t
+ /t 1“ dt, zp: Gl (tl, tg)U (tg)G; e (t t )G;(jm (t t ))
and
Egi)jiH ,0},{1,{H,0},0}, Hubbardf&(t ,t2) (151)
= ('8, 20
[t S0 ()G (1) S ()55 (1)

[ S )G () U ()G (1))

(Fe
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2.4. Spin-0 bosons/spin-1/2 fermions

For the specific bosonic and fermionic cases, one has

(2),(2),2,0,0,Hubbard,b,0
Eij 17 %2

— ¥ (2),2,0,Hubbard,b,0 (Zp 22> (G N G(O))

ij
and
Z('2'),(2),1,0,1,Hubbard,b,0( z )
ij 1072

= EE?),LI,Hubbard,b,O (Zl, 22) (G N G(O)) :

as well as
(2),{H,0},{1,{H,0},0},Hubbard,b,0
Eij (zl, z2)

_ v(2),{H,0},{1,{F,0},0},Hubbard,b,0
=2 R
_ v(2),{F,0},{1,{H,0},0},Hubbard,b,0
=X (zl, 22)
— (2)7{F70},{1,{F,0},0},Hubbard,b,0
=X <Zl, 22>

= (1) 5220 20)0,U (=)

[t E 6 (25)60 (220U ()69 (50 50).

for spin-0 bosons, and

(2),(2),2,0,0,Hubbard,f,1/2
Eiaja 211 %9

= E(2),2,0,Hubbard,f71/2 (217 22) (G N G(O))

ojo
and
(2),(2),1,0,1,Hubbard,f,1/2
ija (21, 22)
_ «(2),1,1,Hubbard,f,1/2 (0)
= Eiocjoa <Zl7 ZQ) (G -G ) ,
as well as

(2),{H,0},{1,{H,0},0},Hubbard,f,1/2
it (212)

= (ih) 8¢ (21, 2,)6,U (=)

/C dzy zp: Ggi)z)n (21’ 23) Gz(ai)w (237 Zl*) U <Z3) G%T (23’ 23+)

27

(152)

(153)

(154)

(155)

(156)

(157)
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and

(2),{H,0},{1,{H,0},0},Hubbard,f,1/2
2150 (Zl’ Zz)

= (ih>25c (Zp Z2>5ijU<zl>
[ 5080 () ()0 () )
for spin-1/2 fermions. The corresponding components read

2('2'),(2),2,0,0,Hubbard,b,0,2 (t ,t )
i 1072

_ y(2)2.0.Hubbard 6.0, (tl, t2) (G _ G(o)) ’

ij
12

_ y(2).1.1.Hubbard 6.0, (tl, t2> (G _ G(0)> ’

ij

(2),(2),1,0,1,Hubbard,b,0,>
Z (tt,)

(2),(2),2,0,0,Hubbard,j,1/2,2
ziaja <(t1’ t2)

= EEZ?{?O,Hubbard,ﬁl/Zz (tp tz) (G _ G(O)) ’
Egi)j,o(?),1,0,1,Hubbard,f,1/2,2 (tl, t2>
= EEZ?,i,l,Hubbard,f,l/Q,% (tl, tz) (G N G(O)) 7

as well as

(2),{H,0},{1,{H,0},0},Hubbard,b,0,8
1)

.

ij
_ 2(2),{F,O},{1,{H,O},O},Hubbard,b,o,é
=X
_ E(2),{F,O},{1,{F,O},O},Hubloard,b,o,é(
=X

= ()'5,0 (1)
/t KD Zp: G (tots) G (b ) U (1) Gy ™ (1)
0

i ["a, ;Ggg«(tl,tg)agmtg,tl)U(tg)G;gK(tg,tg)) ,
1

_ 2(2) ,{H,0},{1,{F,0},0},Hubbard,b,0,6 (

~+~ T~

28

(158)

(159)

(160)

(161)

(162)

(163)
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for spin-0 bosons, and

2),{H,0},{1,{H,0},0},Hubbard,f,1/2,6
£ (2(10)1,(10}.0} 128 (1) (164)

= ()s,0 (1) (

[t S 607 ()G ()0 (1) 60 (1)

0 p
[ O ) () ()60 (1)
1
as well as

2),{H,0},{1,{H,0},0},Hubbard,f,1/2,6
£ 2(10)-01,010).0) P2 (1 ) (165)

= (i)"s,0 (1)

[ty 560 1) (U ()6 (1)

to P
o S )0 ()0 ()G ).
1

for spin-1/2 fermions.
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