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Motivation: TDDFT in Chemistry
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Fig: Potential energy surfaces for photophysical and
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Fig: Pioneering developments in the field 
of ML and excited-state research.
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Fig: ML improving DFT.

Fig: Targets of ML for excited states.
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Motivation: 
TDDFT and machine learning 



The beginnings of TDDFT

Vielteilchen-Theorie –TDDFT                                                                                                     Nov 22, 2022

1930s: Felix Bloch developed first time-dependent extension of Thomas-Fermi theory

1970s: First TD-Kohn-Sham computations

1980s: Proofs of one-to-one density-potential mappings for time-periodic potentials

1984: Runge-Gross theorem 

1995: Linear-response framework

1999: TDDFT excited-state properties
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Fundamentals of TDDFT: the Runge-Gross theorem (1984)
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Runge, Gross, Phys. Rev. Lett. 52, 997 (1984);
Ghosh, Dhara, Phys. Rev. A 38, 1149 (1988); Vignale, Phys. Rev. B 70, 201102 (2004).

Maitra, J. Chem. Phys. 144, 220901 (2016).
Fig: One-to-one density-potential map.

Runge-Gross theorem proves 1-to-1 density-potential mapping:  
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The potential is uniquely defined by the density.

Every observable is defined as a functional of               .

but complete time evolution is required,
depends on the initial wave function.   
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Fundamentals of TDDFT: the action principle
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Energy is not a conserved quantity! 
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Equivalent formulation with density functional:

Exact density via Euler equation: 
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Fundamentals of TDDFT: Time-dependent Kohn-Sham DFT
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Introducing orbitals:

Exact density via reference system of non-interacting orbitals:

with the potential
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vS(r, t) = vext(r, t) + vH(r, t) + vXC(r, t)
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Linear Response 
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Introducing perturbation

Time-dependent wave function via time evolution operator 

Expectation value of operator 
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with one-particle operators 

Linear Response
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Poles correspond to 
excitation energies.



The linear response function 
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Back to KS ansatz:

Dyson-like equation for

Lehmann representation 
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Let’s do the same for the density matrix!
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Reduced one-particle density matrix

Idempotency condition

von-Neumann equation

Same as before: Reordering in orders of       to obtain the first-order response:  

Furche, J. Chem. Phys. 114, 5982 (2001).
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Let’s do the same for the density matrix!
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0th order: static KS equations

1st order: Linear response
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KS , �
(0)]



Let’s do the same for the density matrix!

Vielteilchen-Theorie –TDDFT                                                                                                     Nov 22, 2022Furche, J. Chem. Phys. 114, 5982 (2001).

0th order: static KS equations

1st order: Linear response

Inserting 
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The TDDFT eigenvalue problem: Casida equations I
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Formulating the response in terms of static KS orbitals

with corresponding normalization condition

gives TDKS response equation 
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The TDDFT eigenvalue problem: Casida equations II
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Poles and residuals of                              :
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Comparison to linear response function
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is unknown

only depends on the electron density at time t, no “memory” dependence

same XC functionals as for GS-DFT

TDDFT in practice: Adiabatic local density approximation (ALDA)
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Short-comings of TDDFT within the ALDA approximation
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Wrong asymptotics due to self-interaction error              Charge-transfer states 
(excitation energies systematically too small)

Charge-transfer states

Doubly excited states

Multireference ground-states 

Elliott, Furche, Burke, Rev. Comp. Chem. 26, 91 (2009).
Dreuw, Head-Gordon, Chem. Rev. 105, 4009 (2005); 
Tozer, J. Chem. Phys. 119, 12697 (2003).

Maitra et al., J. Chem. Phys. 120, 5932 (2004).

Furche, J. Chem. Phys. 114, 5982 (2001).
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Coulomb Exchange XC functional 

AO-based formalism Projection to ensure  AX = ⌦SX
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TDDFT for periodic systems:
Fast, but accurate hybrid functional approaches 
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Tamm-Dancoff Approximation (TDA) 
adequate model for absorption and fluorescence spectra 
Jacquemin et al., J. Chem. Theory Comput. 9, 4517, (2013). 



TDDFT 

Efficient treatment 
of exact exchange

Numerical Integration  
Neese, Chem. Phys. (2008).

Density fitting 
Merlot, J. Comput. Chem. (2013).

Auxiliary density matrix method
(ADMM)

Hutter et al. J. Chem. Theory Comput. (2010).

Rebolini et al., 
J. Chem. Theory Comput. (2016).

TDDFT for periodic systems:
Fast, but accurate hybrid functional approaches 
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State-of-the-art algorithms to reduce the computational cost of exchange:
Numerical integration (COSX) Neese, Chem. Phys. 356, 98 (2008).

Density fitting (PARI-K) Merlot, J. Comput. Chem. 34, 1486 (2013).

Auxiliary density matrix method (ADMM) Guidon et al. J. Chem. Theory Comput. 6, 2348 (2010).

exact exchange with small auxiliary density

Possible ADMM variant: 
Auxiliary density matrix by projection
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ÛT
µ̂µ�(µ̂̂|⌫̂�̂)Û⌫̂⌫�
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Û ⌫̂⌫�

3

5 1st order GGA 
correction term

TDDFT for periodic systems:
Fast, but accurate hybrid functional approaches 
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1. Semi-
empirical tight 

binding 

Force fields

TDDFT+TB
Visscher et al., J. Phys. Chem. C (2020).

Extensions for
excited-state 
properties

Elstner et al., J. Chem. Theory Comput. (2021). Global parameters only!

Grimme, J. Chem. Phys. (2013).
TDDFTB 

Benchmarks
Jacquemin et al., J. Chem. Theory Comput. (2019).

Simplified TDA (sTDA)

TDDFT for periodic systems:
Fast, but accurate hybrid functional approaches



Grimme J. Chem. Phys. 138, 244104, (2013). 

Minimal number of global parameters 
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integrals                                            

2. Neglect 
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Correct asymptotics for electron repulsion
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TDDFT for periodic systems:
Fast, but accurate hybrid functional approaches 
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Excited-state properties 
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Non-variational wave function

First-order response needed!
Explicit derivation

or 
Adding constaint to satisfy static KS equations (Brillouin condition)
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Excited-state properties: a Lagrange functional for TDDFT 
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(2n+1) rule: only zeroth-order response needed!

Additional equations for Lagrangian multipliers:  

(2n+2) rule / Sternheimer-Dalgarno / Z-vector
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Excited-state properties: a Lagrange functional for TDDFT 
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Geometry dependence of AOs needs to be taken into account!

Different strategies to ensure orthonormality:
Additional constraint in the Lagrangian

Orthogonalized molecular orbitals (OMOs) 

Not needed when using plane waves Hutter, J Chem Phys, 118, 3928 (2003).

Furche, Ahlrichs, J Chem Phys, 121, 12772 (2002).
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Furche, Ahlrichs, J Chem Phys, 121, 12772 (2002); Hutter, J Chem Phys, 118, 3928 (2003).

Lagrange / Z vector formalism to avoid 1st order response:

1. Excitation energies 

2. Z vector equation 

3. Excited-state gradient 

with
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X†
nSXm = 1
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PBE0/ADMM         < 0.9 pm  |  < 1.2∘

bonADMM-PBE0

sTDA

bond 
lengths
[pm]

angles
[°]

dihedrals
[°]PBE0

wrt EOM-CCSD reference

wrt PBE0 reference

Error   sTDA                        < 1.1 pm  |  < 1.6∘ for triple-zeta basis sets
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Adiabatic excitation 
energies [eV]

Fluorescence 
energies [eV]

Errors in the range of 0.2 – 0.5 eV

Accuracy benchmarks for molecular systems
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ADMM-PBE0

sTDA

8 – 30 min for ES opt step
4 – 10 hrs for 500 ES

up to 300 atoms
7440 basis functions

Timings for 2304 cores

4 – 10 min for ES opt step
44 mins for 500 ES
MAD of 0.31 – 0.42 eV

gain in efficiency by at least one order of magnitude

Accuracy benchmarks for molecular systems
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E           

Efficient  nonadiabatic couplings

Orbital derivative couplings
Baeck-An couplings

Adiabatic and Nonadiabatic dynamics 

On-the-fly velocity Verlet MD
Fewest switches surface hopping 
Local diabatization
Decoherence corrections

Excited-state properties with    
hybrid functional accuracy 
ADMM-TDDFT 
Semi-empirical sTDA

Periodic boundary 
conditions
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Barbatti et al., WIREs: Comp. Mol. Sci. 4, 26 (2014). 

Current research: Excited-state dynamics for periodic systems

Fluorescence 
CAU10-MOFs
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Often used approach in practice: ALDA and KS-Ansatz

Linear response formalism / Casida equations

Excited-state properties via Lagrange functional
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How to overcome the adiabatic approximation?
How to design frequency dependent kernels?
Connection to MBPT and more accurate ansätze 
than TDDFT

Alternatives to LR-TDDFT

Going beyong excited-state properties
What else is needed to perform excited-
state dynamices and to calculate 
excitation spectra?
Efficient ways to do so?

Machine learning ...


