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• Geometric approximation rates of Fourier expansions for analytic periodic functions, FFTs 

    

• Geometric approximation rates of the Coulomb / Gravitation field expansion in FMMs 

                         

Gauss, C. F. (1886). Theoria interpolationis methodo nova tractata Werke band 3, 265–327. Göttingen: Königliche Gesellschaft der Wissenschaften.

Cooley, J. W., & Tukey, J. W. (1965). An algorithm for the machine calculation of complex Fourier series. Mathematics of computation, 19(90), 297-301.

Greengard, L., & Rokhlin, V. (1987). A fast algorithm for particle simulations. Journal of computational physics, 73(2), 325-348.


θ(z) ≈ θn = ∑
∥α∥∞≤n

cαe2πiα⋅z , ∥θ − θn∥C0(Ω) = 𝒪(r−n) , r > 1

ϕ(z) ≈ ϕn = Q log(z) +
n

∑
k=1

ak

zk
, ∥ϕ − ϕn∥C0(Ω) = 𝒪(z−n) , |z | > 1 .

The Bottleneck  

How to compute Multivariate Function Expansions  
that closely approximate the ground truth function ?



Csáji, B. C. (2001). Approximation with artificial neural networks. Faculty of Sciences, Etvs Lornd University, Hungary, 24(48), 7.

Goodfellow, I., Bengio, Y., & Courville, A. (2016). Deep learning. MIT press.

What are Neural Nets (NNs) ? 



What are Neural Nets (NNs) ? 

Csáji, B. C. (2001). Approximation with artificial neural networks. Faculty of Sciences, Etvs Lornd University, Hungary, 24(48), 7.

Goodfellow, I., Bengio, Y., & Courville, A. (2016). Deep learning. MIT press.



Combination of the Neurons yields NNs 



Neural Net Training 

Given is a continuous function 

      

that is sampled on a set . 

u : Ω = [−1,1]m ⟶ ℝ

P ⊆ Ω

Consider a neural net  

  

depending on  and weights & bias 

̂u : Ω × Θ ⟶ ℝ , ̂u = ̂u(x, W, B)

x

The mean square error (MSE) loss 

      

is given by  

. 

ℒ(W, B) : Θ ⟶ ℝ+

ℒ(W, B) = ∑
p∈P

∥u(p) − ̂u(p, W, B)∥2 ≈ ∫Ω
∥u(x) − ̂u(x, W, B)∥2dΩ



Lagrange polynomials in dimension  

 

 

 

m ∈ ℕ

Am,n = {α ∈ ℕm : ∥α∥1 ≤ n}

Lα =
m

∏
i=1

lαi,i , lj,i =
n

∏
h≠j,h=0

xi − ph

pj − ph

Lα(pβ) = δα,β

Loss approximations due to Gauss quadratures  

Legendre grid in 2D 

 pα = (pα1
, ⋯, pαm

) ∈ Gm,n



Lagrange polynomials in dimension  

 

 

 

…Gauss-Legendre weights

m ∈ ℕ

f(x) = ∑
α∈Am,n

f(pα)Lα = Qf,n ,

g(x) = ∑
α∈Am,n

g(pα)Lα = Qf,n

∫Ω
f(x)g(x)dx = ∑

α∈Am,n

wα f(pα)g(pα)

wα

Loss approximations due to Gauss quadratures  

Legendre grid in 2D 

 pα = (pα1
, ⋯, pαm

) ∈ Gm,n



Lagrange polynomials in dimension  

 

 

…Polynomial Differential Operator 

m ∈ ℕ

f(x) = ∑
α∈Am,n

f(pα)Lα = Qf,n ,

∂αf(x) = ∑
α∈Am,n

cαLα(x) , C = (cα)α∈Am,n
= 𝔻αF , F = ( f(pα))α∈Am,n

𝔻α

𝔻α = (∂αLβ)β∈Am,n
∈ ℝ|Am,n|×|Am,n| , ∂αLβ = ∑

γ∈Am,n

cγLγ

Polynomial differentiation P.D. 



Sobolev spaces of regularity   

 

 

         

k ∈ ℕ

Hk(Ω, ℝ) = {f ∈ L2(Ω, ℝ) : ∥∂αf∥L2(Ω) ≤ ∞ , α ∈ ℕm ,∥α∥1 ≤ n} ,

H0(Ω, ℝ) = L2(Ω, ℝ)

⟨ f, g⟩Hk(Ω) = ∑
∥α∥1≤n

∫Ω
∂αf(x)∂αg(x)dx

Sobolev spaces 



Given polynomials  

       

 

         
         

f(x) = ∑
α∈Am,n

f(pα)Lα = Qf,n , g(x) = ∑
α∈Am,n

g(pα)Lα = Qf,n

⟨ f, g⟩Hk(Ω) = ∑
∥α∥1≤n

(𝔻αF)TWm,n𝔻αG ,

F = ( f(pα))α∈Am,n
, G = (g(pα))α∈Am,n

Wm,n = diag(wα)α∈Am,n

Sobolev cubatures 



Loss Approximations  

Poisson-PDE loss of neural nets with Automatic differentiation  

 ℒ(W, B) = ∑
p∈P

∥Δ ̂u(p, W, B)∥2 ≈ ∫Ω
∥Δ ̂u(x, W, B)∥2dΩ

Poisson-PDE loss of neural nets with Polynomial differentiation  

 

   approximates the Laplacian 

ℒ(W, B) = (𝔻ΔÛ(pα))TWm,n(𝔻ΔÛ(pα)) ≈ ∥Δ ̂u(x, W, B)∥2
L2(Ω).

ℒ(W, B) = ∑
∥β∥≤k

(𝔻β𝔻ΔÛ(pα))TWm,n𝔻Δ𝔻βÛ(pα)) ≈ ∥Δ ̂u(x, W, B)∥2
Hk(Ω)

𝔻Δ = 𝔻2,0,…,0 + ⋯ + 𝔻0,⋯,0,2

We are seeking for a  smooth  function solving a Poisson problem: 

  Δu = 0 in Ω = [−1,1]m



Approximation Errors  

Mean square error  

 ∑
p∈P

∥f(p)∥2 − ∫Ω
∥f(x)∥2dΩ ∈ 𝒪( 1

|P | )
Gauss cubature error  

            

 FTWm,nF − ∫Ω
∥f(x)∥2dΩ ∈ 𝒪( 1

k(n − k)k ) , |Am,n | = (n + 1)m

Given a regular k-times differentiable function   

  f : Ω ⟶ ℝ

In low dimensions Gauss quadrature is more powerful than 
Monte Carlo integration !  



(multilayer perceptron) 
Runtime Complexity  

Cardona, J. E. S., & Hecht, M. (2022). Replacing Automatic Differentiation by Sobolev Cubatures fastens Physics Informed Neural Nets and 
strengthens their Approximation Power. arXiv preprint arXiv:2211.15443.

In low dimensions  Polynomial Differentiation (P.D.)  is 
faster than Automatic Differentiation (A.D.) ! 

m ≤ 4
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Examples  

We choose λ = 15
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(multilayer perceptron) 
Inverse Eigenvalue Problems 



Replace the Neural Net by (Spectral) Polynomial Surrogate Models 
(e.g. Chebyshev Polynomials)

̂u(x, Θ) = ∑
α∈Am,n

θαTα(x) , Θ = (θα)α∈Am,n
∈ ℝ|Am,n|

Tα(cos(x)) = Tα(cos(x1), . . . , cos(xm)) =
m

∏
i=1

cos(αixi) = cos(αx)



̂u(x, Θ) = ∑
α∈Am,n

θαTα(x) , Θ = (θα)α∈Am,n
∈ ℝ|Am,n|

Tα(cos(x)) = Tα(cos(x1), . . . , cos(xm)) =
m

∏
i=1

cos(αixi) = cos(αx)

Formulate losses with respect to Sobolev spaces of negative order

H−k(Ω, ℝ) := 𝒟∥⋅∥H−k(Ω) , ∥F∥H−k(Ω) = sup
u∈Hk(Ω,ℝ)

|Fu |
∥u∥Hk(Ω)

(Spectral) Polynomial Surrogates Models (PSMs) 
(Work in Progress)
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Poisson Inverse Eigenvalue Problem 



Quantum Harmonic Oscillator (QHO) forward  Problem 



QHO forward  Problem 



QHO Eigenvalue Inverse Problem 



Non-Linear Navier Stokes Problems  



Non-Linear Navier Stokes Problems  

Inverse Problem asks for inferring the viscosity  and the pressure 
field ! 

ν


