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In this paper we study thermodynamic properties of hydrogreth hydrogen-helium mixtures with the help
of the direct path integral Monte Carlo simulations. Theulessare compared with available theoretical and
experimental methods based, in particular, on chemicaumgc We investigate the effects of temperature
ionization in low-density hydrogen plasma. We also presentimber of calculated isotherms for hydrogen-
helium mixture with the mass concentration of helidfn= 0.234 in the range fromi0? K to 2 - 10° K.

In the density region where a sharp conductivity rise haxenhmbserved experimentally the simulations give
indications for one or two plasma phase transitions, in @znte with earlier theoretical predictions.
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1 Introduction

Many astrophysical problems require the knowledge of tleelynamic properties of hydrogen and helium [1-5].
To understand different effects in stellar structure analigion one should provide accurate modelling of the
underlying physics including equation of state (EOS) effedn normal stars where plasma is fully-ionized
and almost ideal the construction of EOS doesn't revealqaatr difficulties. However the investigation of the
giant planets Jupiter and Saturn, and to a lesser extennbdowarfs demands thermodynamic information for
hydrogen and helium in the approximate range of tempemsifeK < 7" < 10° K and mass densitigs01 <
p < 100 g/cm3. Inthis region the complexity of an EOS calculation incesasonsiderably when nonideal effects
are compounded with chemical reactions associated witiieppressure dissociation and ionization equilibria
[6-10]. Moreover, in this region the the so-called plasmagehtransition (PPT) has been predicted [9, 10].
Significant efforts have been made in the last decades torstade the behaviour of dense fully-ionized and
partially-ionized hydrogen and helium (see, for exam@Bgaihd references therein). In these works mostly the
chemical picture is applied for the calculation of thermoayic properties. The chemical picture assumes that
bound configurations, such as atoms and molecules, retafiratd identity and interact through pair potentials;
in other words, this model is valid only at weak interpa#iaiteractions. However at densities corresponding
to pressure ionization the electrons in bound configuratimecome delocalized and bound species lose their
definiteness [11]. Therefore there is a great interest iectlifirst-principle numerical simulations of strongly
coupled degenerate systems which avoid such approxinsation

In this work we use the direct path integral Monte Carlo (DRIMnethod to calculate the thermodynamic
properties of hydrogen and hydrogen - helium mixtures. Teshod is well established theoretically and allows
the treatment of quantum and exchange effects without aeljngnary physical approximations. Using the
results of our simulation we compare them with the model hasethe chemical picture [1,2]. We also analyze
the problem of plasma phase transition in dense hydrogeliuntmenixtures and discuss several theoretical and
experimental predictions of this phenomenon.

* Corresponding author: e-mafilinov@ok.ru, Phone: +07 095931 07 19, Fax: +07 095485 7990

(© 2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



Contrib. Plasma Phydg5, No. 3-4 (2005) / www.cpp-journal.org 259

2 Direct path integral Monte Carlo

Path integral Monte Carlo [12, 14] is based upon Feynmamiatitation of quantum-statistical mechanics using
path integrals [15]. For hydrogen plasma one can find exivaudéscription of the DPIMC elsewhere [13, 14].
In this work we restrict ourselves by the brief explanatiéindeas underlying the DPIMC for hydrogen-helium
mixtures.

We consider the temperature range fraft K to 2 - 10° K and electron particle densities fron9?° to
3 -10%* em~3. Under such conditions electrons are degenerate whil®epsandr-particles can be treated as
classical particles because of their relatively large mss$hus for the case of electro-neutral hydrogen-helium
plasma with volumé/ the partition functior? is given by

1
Z(Nea Npa Nou ‘/7 ﬁ) = m ; /V dCIdea dr P((Zp, Qo T, 0, ﬁ) (1)
Here N., N,, andN,, are the numbers of electrons, protons, anplarticles, correspondingly = 1/kgT, T'
is the temperaturey, = {qp1,9p2, -, dpN, }» da = {9a1,9a2," -, dan, } are the coordinates of protons and
a-particles, respectively,= {ry,rs, - - ,ry,.} are the coordinates of electrons, anek {1,029, -- ,0n,} are

the spin variables of the electrons. The density matrix )nq&xpressed via a path integral:

4RO o0, 036) = (1) [ dRO) -+ di")x
v o
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wherep® = p(RO-D RO AB) = <R(l b ‘ —MH‘ R(l>> AB = 3/(n + 1), P is the permutation operator,

kp is the parity of permutatlonS is the spin matrix,H is Hamiltonian of the systemil = K + Ug, K is
the kinetic energyUc is the potentlal energy, consrstmg of Coulomb interactibrelectrons €), protons p),
anda-particles ¢): Uc = UL + Ug + U + UZ + Ug™ + UE*. We denote particle coordinates as follows:
RY = (¢p,qa,ri)yi=1,---,n+1, RO = (¢, qas7), R(”“) = R, ¢’ = . Thus electrons participating
in the simulation are represented as fermionic loops witvertexes:[R] = [R(®; RD);...; R(M; R(»+1)],
Exchange effects for Fermi statistics are taken into accbyrthe permutation operatd? and the sum over
the permutations with parityp. It is possible to reduce the expression (2) to a form in withehsum over all
permutations is replaced by the determinant of the excharaggx le;l. This technique allows us to improve
the accuracy of simulation for strongly degenerate plasma:

N,
. .
> 047,03 8) = —n—m—aw D a(BL9),
- Ap "X AN S50

S

(171, 8) = S5 exp {01, 9 T T b

I=1m=1

®3)

Here X2 = 2ah2(/my, A2, = 27h*3/ma, XX = 20h*AB/me, my, maq, m. are the masses of proton;
particle and electron, respectively. In equationi(3)- U?? + U~> + UP> 4+ 3" {Uf¢+UP + U}/ (n+1)

2
and¢l . = exp {—w ‘5,(7?’ } are the functions generated from the kinetic energy densityix, 1), ... ¢

are the dimensionless distances between neighbor verétesnionic loops which represent electrdiy =
[RO; RO 4 AAM; RO 4 A (6D) + £3@));...]. Elements of the exchange mati¥;' are defined by the
expression:

n,1
wab
s

; ?J: = )‘A Zgr(lk)
k=1
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The indexs stands for the number of electrons with same spin projection

As a high-temperature density matrix one can use its asymptdhe limitT — oo. Every N-particle high-
temperature density matrix is represented as a product @paticle density matrices. For the two-particle
density matrix there is an analytical solution of the Blocjuation by first-order perturbation theory [17]:

p(raa I';, Ip, rgvﬁ) =

e (gt =) o [t 7 oo 00

where®?(r,,r’, r;, r,, 3) — nondiagonal effective two-particle pseudopotential:

do dab(

) erf <2)\ab o) a)) . 4)

Hered,(a) = |arg + (1 — ), |, 0 < a < 1, erf(z) = 2/\/7 [ exp(—t?) dt denotes the error function,
N2, = h?B/2pap, €q, € are the charges of particles,,, m;, are the masses of particlga%b1 =m,! +m,jl is the
reduced mass. In the high-temperature limit two-particlediagonal effective potential (4) can be approximated
by a half-sum of diagonal pseudopotentials:

1
O (ryp, vhy, 3) =eaeb/d
0

€a€h

D (|rep|, AB) = {1—exp(—22,) + VTzap[l — erf(zas] } (5)

)\abzab

wherex,, = |rap|/Aap. It is worth to underline tha®®(|r,;|, A3) tends to a finite value at,;, — 0 and to
the Coulomb potentiad e, /x4 atz,, — oo. Itis proved that the pseudopotential (5) coincides witteaact
quantum potential at temperaturEs> 2 - 10° K [18]. Thus,U** andU in Eq. (3) are sums of the effective
quantum pair interactions described by ## between two charged plasma particieandb.

All thermodynamic properties can be expressed throughahtitipn function derivatives. For example, pres-
sure and total energy are given by the formulas:

E = —B0InZ/0p,

BP =0InQ/0V = [n/3VOInQ/dn],—1. (6)

Multiple integrals in (6) are calculated with the help of #tandard Metropolis technique in a cubic cell with
periodic boundary conditions [12]. The accuracyf calculations depends on the number of factoris the
equation (2), temperatufg and electron degeneracy parametes n.\3 and is given by the expressien~
(BRy)?x/(n + 1), wheren, is the particle density of electrons? = 27h23/m., Ry = €?/2ap ~ 13.6 eV.
According to this estimation to simulate a Coulomb systetaraperature 0* K it is sufficient to choose = 20.
High temperature density matrix in Eq. (2) relates in thisece temperature higher th&y.

3 Simulation results

We tested our computational scheme by many ways. First of@ltalculated thermodynamic properties of
ideal hydrogen plasma [20] and found very good agreement dedeneracy parameter= 10. To extend the
range ofy to higher values we improved the treatment of exchangetsffednlike the previous version of the
method [12] in this work we take into account exchange effaot only inside the main Monte Carlo cell but also
in the neighboring periodic images. It is necessary to ihelsuch procedure into the algorithm if the electron
thermal wavelength is comparable or larger than the sizeeolMonte Carlo cell. Thus the exchange interaction
was calculated in the nearet, 52 etc. Monte Carlo cells in accordance with the value of etecthermal
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wavelength. The accuracy of exchange effects treatmentorasolled by comparing the results of calculations
with analytical dependencies for pressure and energy af dtkgenerate plasma.

We also studied interacting hydrogen plasma in a wide rafgengperatures and particle densities [21, 22].
The DPIMC method allowed us to investigate the effects ofterature and pressure dissociation and ionization
abinitio. From the analysis of pair distribution functions we obserrthe formation and break-up of molecules
and atoms under different conditions. At very high densigyailso observed the effect of proton ordering indi-
cating the formation of Coulomb crystal. We found rather gjagreement with the calculations performed by
other methods at small and medium densities. However atailyies of plasma density in the region of pressure
ionization no reliable analytical methods exist.

The simulation results for hydrogen plasma in the regioreafgeratures fromi’ = 10* K to 106 K and
electron particle densities from. = 10?2 cm—3 to 10%* cm~3 allowed us to calculate the deuterium shock
Hugoniot [23]. It is interesting to note that the resultingnee is located between the experimental data of
Knudsonet al. [24] and Collinset al. [25].

In this work we compare our simulation results with avaiatihta on hydrogen and hydrogen-helium mixture
from Refs. [2, 7]. This model is based on the chemical pictitke classical statistics for molecules and ions and
Fermi-Dirac statistics for the electrons. It takes intoaatt a lot of physical effects including dissociation and
ionization, interactions between charged particles andrakatoms and molecules, neutral-neutral interactions,
high-pressure screening effects, excited electroniestat molecules as well as a number of "second-order”
phenomena. Owing to the complexity of the model [2, 7] equmetidf state for hydrogen and helium are presented
in tabular form [2]. So thermodynamic properties of puretwogeen or helium can be calculated directly with the
help of relatively simple interpolation code. The propestof hydrogen-helium mixtures can then be obtained
by interpolation in composition between the two pure EOSnl¢he so-called "linear mixing” technique it is
possible to approximate densjpyP, T') of the hydrogen-helium mixture with the mass fraction ofilnal Y at
pressure” and temperaturg’:

1 1-Y Y
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Fig.1 The DPIMC (triangles and circles) and theoretical (solid dashed lines) [2, 7] isochors for pressure (a) and energy
(b) in hydrogen plasma vs. temperature. Calculations: 1eehsrn. = 10%° cm3; 2 — isochorn. = 10%* cm~2. EOS
calculations [2]: 3 — isochon. = 10?° cm™3; 4 — isochorn. = 10%! cm~3; 5, 6 — relative number concentration of
hydrogen atoms (b, right axis) along the isocher= 10?° cm~* andn. = 10*' cm~2, correspondingly

In Fig. 1 it is shown pressure and energy dependencies vpetature along two isochorg, = 10%° and
102 cm~3 of hydrogen plasma. The agreement with hydrogen EOS [2]rigg®od for pressure at all tempera-
tures (Fig. 1a) and for energy at temperatures higher3ha* K (Fig. 1b). The relative number concentration
of hydrogen atoms shown in Fig. 1b by dash-dotted and doitted Indicate that hydrogen &t = 10* K and
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ne = 10%2° = 102! cm—2 consists mainly of atoms. The fact thatlat K in our calculations we have higher ab-
solute energy values than in the theoretical model can beemted with the difficulties of correct interpretation
of bound states both in the DPIMC and in chemical picture ré&toge this problem needs further investigation.
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Fig. 2 Pressure (a) and energy (b) in a hydrogen-helium mixturie thi#¢ mass concentration of helidrh= 0.234. Shown

are isotherms calculated with the help of DPIMC method (syis1end symbols with lines) and related isotherms computed
with the help of EOS [2, 7] (lines). DPIMC ( [2, 7]) calculatis: 1(6) — 200 kK, 2(7) — 100 kK, 3(8) — 50 kK, 4(9) —
40 kK. 5 — 100 kK isotherm for ideal plasma.

Besides hydrogen plasma, we also carried out calculatibtieemodynamic properties of hydrogen-helium
mixture with a composition corresponding to that of the oldgers of the Jovian atmosphere. During the
mission of the Galileo spacecraft the helium abundanceeénatmosphere of Jupiter was determinedas-
mue/(mue + mu) = 0.234 and was close to the present-day protosolar v&lue 0.275. As the model of the
Jupiter is significantly determined by its composition af@is; it was interesting to simulate the thermodynamic
properties of the mixture with such composition in the regad pressure dissociation and ionization where
traditional chemical models of plasma fail.
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Fig. 3 Pressure (a) and energy (b) in a hydrogen-helium mixturie thi¢ mass concentration of helidrh= 0.234. Shown
are isotherms calculated with the help of DPIMC method (syistvith lines). DPIMC calculations: 1 — 30 kK, 2 — 25 kK,
3 — 20 kK, 4 — 10 kK. EOS calculations [2,7] (a): 5— 30 kK

Calculations were fulfilled in the region of temperaturesirl’ = 10* K to 2 - 10° K and electron densities
fromn, = 10%° ecm =3 to 3 - 10?4 ecm~3. The results of comparison are shown in Fig. 2 and 3. The agse
between our calculations and the model [2] along the isatbé@f = 4 - 10%, 5 - 104, 105, and2 - 10° K is
quite good and becomes better with the increase of temperathe smaller values of pressure on the DPIMC
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isotherm3 - 10* K near the particle density valu®?? cm =3 can be explained by a strong influence of interaction
and bound states in this region; these effects are takeragaount only approximately in the model [2]. The
formation of atoms and molecules is also the reason of thespre and energy reduction along thé K isotherm
with respect to the isotherm of non-interacting hydrogetitim mixture (see Fig. 2).

In Fig. 3 the dependence of pressure and energy vs. eleatrwitd along isotherms are shown. At temper-
atures 30 and 25 kK the isotherms have no peculiarities. Memadong the isotherri’ = 2 - 10* K there is a
region forn. > 3 - 1023 cm~3, where the pressure strongly fluctuates and even becomativeegAlso along
the isothermg” = 10* K and7 = 1.5 - 10* K there are two such regiori®?? cm =2 < n, < 10** cm~2 and
ne > 3-10%% cm™3. Earlier we found a similar effect for pure hydrogerfat= 10 K in the region of pressure
ionization and showed that in the transition region a nundbéarge clusters (droplets) were formed [26, 27].
In this region of pressure ionization the PPT was predictethbny authors [6, 7,9-11, 28-30] and moreover a
sharp electrical conductivity rise was measured in [31 fstabilities in our calculations indicate the existence
of PPT in dense hydrogen. Later [14] we found the PPT and ttmedtion of clusters in electron-hole plasma of
germanium semiconductor at low temperature and found ggaskanent with experimental phase diagram [32].
The presence of clusters (droplets) in plasma decreastas@henergy of the system as can be seenin Fig. 3. The
region of existence of bound states is determined by deejppmaian isotherms. The analysis of pair distribution
functions reveals that the part of hydrogen molecules asae with the temperature drop. At low temperatures
T = 10* and2 - 10* K we can observe the formation of large clusters of atoms aniécules.
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Fig. 4 The DPIMC (lines with squares and triangles) and theoref;&] isotherms for pressure in a hydrogen-helium
mixture with the mass concentration of helidih= 0.234 vs. density. DPIMC calculations: 1 — 10 kK, 2 — 20 kK. EOS
calculations: 3 — 10 kK, 4 — 20 kK. Experiment [35]: 5 — quaséitrope of hydrogen-helium mixturg,~ 5000 K, 6 —
electrical conductivity of hydrogen-helium mixture alotige quasi-isentrope (right axis). 7 — phase boundaries afiRP
hydrogen [2, 7], 8 — undercritical metastable isothéfm= 1.2 - 10 K andY = 0.308 [30], 9 — critical point of PPT in
hydrogen-helium mixture with™ = 0.308 [30]

The problem of PPT in a hydrogen-helium mixture is signiftgadetermined by the composition of the mix-
ture [2,7,30]. From shock-wave experiments one can etithatrange of temperature and density where a sharp
electrical conductivity rise takes place. In quasi-isepit compression the transition from a low-conductivity
state to a high-conductivity one for hydrogen occurgat 3 — 15 kK andp ~ 0.4 — 0.7 g/cm? [31,33] whereas
for helium at7T" ~ 15 — 40 kK and p ~ 0.7 — 1.25 g/cm? [34]. However it is not enough to determine the
region of existence of the PPT. According to theoreticalagigums of state the critical point of the PPT in pure
hydrogen isl,,, ~ 12 — 19 kK, P.., ~ 0.2 — 0.9 Mbar [2,7, 30, 36]. In pure helium the critical point was
found to beT,,,, ~ 17 kK [30] or T, ~ 35 kK [36] and P.,,. ~ 7 Mbar [30, 36]. For hydrogen-helium
mixture with a mole fraction of hydrogen 0.93 the criticainfgerature was found to be 35 kK [36], however
the dependence of critical parameters on the plasma cotiggolsas not been investigated. In accordance with
the quantum-statistical equation of state [30] at heliunssr@ncentratiol” < 0.93 and temperature less than
both critical temperatures the properties of hydrogeidheimixture are determined mostly by hydrogen and
only one PPT exists. At high values Bf > 0.93 both the hydrogen and helium PPT can occur. In our DPIMC
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simulations we have observed one region of instability withyative pressure &t = 2 - 10* K and two regions
of instability atT = 10* K even atY” = 0.234. The results of our simulation are shown in Fig. 4 togetheh wi
experimental data and theoretical predictions.

Along the isothern¥” = 2- 10 K we found the region with bad convergence in the range ofitleadetween
0.5 and 5/cm?®. Along the isotherm& = 1.5-10* KandT = 10* K such region is even wider and begins from
0.38g/cm3. Surprisingly there was another region where pressurenbecggative: from 0.015 to 0.1 cm?.
The physical reason of this phenomenon is connected withdton of many particle clusters and requires
further consideration. From Fig. 4 it can be easily seendtfar predictions of PPT in hydrogen or hydrogen-
helium mixtures [2, 30] with low mass concentration of heliare located in the beginning of the region where
DPIMC simulation fails to converge. The sharp rise of eleatrconductivity of hydrogen-helium mixture along
the quasi-isentrope with the initial stdie= 77.4 Kand P = 8.1 - 1073 GPa is also observed experimentally
in the range of densities 0.5-0.83cm? [35], see line with crosses in Fig. 4. Unfortunately the DRI its
current formulation can not give reliable information abthe location and properties of PPT both in hydrogen
and in hydrogen-helium plasmas. We plan to investigatesthesblems in our future work.
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