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Phase transition in dense low-temperature molecular gases
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Abstract

This work is devoted to an analysis of the thermodynamic and transport properties of high-density low-temperature gases and
plasmas. The results of two independent theoretical methods are discussed and compared: path integral Monte Carlo data and
results from a new chemical model which takes into account free charged particles, atoms, molecules and molecular ions. The
two approaches show good agreement for the equation of state of hydrogen up to the multimegabar range. At low temperature,
both show indications of a first-order phase transition. Furthermore, based on the chemical model the electrical conductivity
of dense hydrogen and deuterium and the deuterium shock hugoniot are computed. 2001 Elsevier Science B.V. All rights
reserved.

1. Introduction

Recent experiments on dense hydrogen and deu-
terium [1–4] have revealed unusual behavior of the
electrical conductivity [1,2] and of the deuterium
shock hugoniot [3,4] in the megabar pressure range.
The results of Refs. [1,2] demonstrated a drastic in-
crease, of about five orders of magnitude, of the con-
ductivity of hydrogen in a narrow pressure range,p =
105–2 × 106 atmospheres. The measurements were
performed in the temperature range(4.5–10)× 103 K.
Further, the measured deuterium hugoniot [3,4] dis-
played a strong density increase at megabar pressure
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and mass densities of 0.5–1.0 g cm−3, which remains
puzzling from the point of view of first-principle the-
ories, e.g., [5].

Such a behavior of thermodynamic and transport
properties points to qualitative changes in the plasma
and to a possible first-order phase transition which is
accompanied by rapid or even jump-like changes in
the chemical composition and density. In fact, the first
prediction of a phase transition in a low-temperature
plasma (PPT) was given by Norman and Starostin [6].
Numerous subsequent papers investigated this impor-
tant subject (see, e.g., [7–10]), where the main at-
tention was devoted to the Coulomb interaction be-
tween free charges. However, the interaction between
the neutrals was, in most studies, neglected or treated
in a very simplified way, although some indications
of their importance for the critical parameters of the
PPT in partially ionized hydrogen or hydrogen–helium
mixtures were found, e.g., [10].
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Therefore, the present Letter gives a detailed analy-
sis of the neutral–neutral and neutral–charged particle
interaction in dense plasmas in the megabar pressure
range. We present a comparative analysis of the ther-
modynamic properties and of the conductivity of hy-
drogen and deuterium in the above parameter range
based on two methods: first, quantum Monte Carlo
simulations for hydrogen [11–14] and, second, using a
chemical model for a multicomponent nonideal hydro-
gen and deuterium plasma [15]. It is demonstrated that
the discussed above experimental observations can be
explained by the existence of a new phase transition in
dense hydrogen and deuterium. We present the critical
temperature and coexistence line, compute the hydro-
gen conductivity and the deuterium hugoniot which
are compared to the experimental results.

2. Quantum Monte Carlo simulations

For the simulations we used a recently developed
[11–14] efficient path integral Monte Carlo (PIMC)
approach which allows to analyze dense degenerate
plasmas in a broad range of temperatures and den-
sities, and which was also successfully applied to
trapped electrons [16,17], for details of the PIMC con-
cept, see Ref. [14]. The simulations were performed
with 50 electrons and 50 protons by minimizing the
free energyF = −kBT lnZ, whereZ is the properly
anti-symmetrized fermionic canonical partition func-
tion. All thermodynamic functions of interest are com-
puted by the usual differentiation of the logarithm of
Z with respect to the thermodynamic variables (tem-
perature, volume, etc.).

To evaluateZ = trρ, the trace of theN -particle den-
sity operator has to be computed. However, for the
high-density and low-temperature situations of inter-
est to the present work, the plasma is nonideal, and
ρ is not known. Therefore, we use the path integral
concept [18] allowing us to express the exact den-
sity matrix in terms of a product of known high-
temperature density matricesρht. The main difficulty
of the simulations is the need to anti-symmetrizeρ

giving rise to a poorly converging sum ofN ! terms
of alternating sign. In a recently developed new path
integral representation forρ [11,12], the sum over the
permutations is recast into a determinant which is eval-
uated with high efficiency by using standard linear al-

gebra techniques. The second key ingredient is the use
of the correct quantum pair potential (the Kelbg po-
tential, for a justification see Refs. [14,22]) for the
electron–electron and electron–ion interaction.

Using this simulation technique, we computed the
hydrogen pressure isotherms (equation of state) in the
temperature range betweenT = 10,000 and 50,000 K,
see below.

3. Chemical model

In Ref. [15] a new chemical model for nonideal
plasmas with chemical reactions was presented which
will be applied to dense plasmas in the megabar pres-
sure range. Here we outline only the main properties
of this model. For a nonideal partially ionized/partially
dissociated plasma all relevant chemical species are
included. In particular, for hydrogen (A = H) and deu-
terium (A = D) we include the following six species:
e,A,A+,A−,A2,A

+
2 , which goes far beyond most

previous studies where usually the contributions from
A− andA+

2 are neglected. As our results show these
two components may be of comparable abundance to
free electrons and protons in dense hydrogen underlin-
ing the importance of the present study.

In order to compute thermodynamic quantities, the
corrections due to interaction between all species have
to be accounted for in a systematic and consistent
way. In particular, the contributions due to interac-
tions involving neutrals (n) are represented by a sum
over powers of the density including all pair and
triple e–n and n–n interactions. The corresponding
second and third virial coefficients were computed in
Refs. [19,20] using Hill pseudo-potentials. Thee–n

andn–n pseudo-potentials were derived from Lenard–
Jones type potentials, cf. Eqs. (4), (6) of Ref. [19]. In
the interaction between charged particles we took into
account that the electrons bound in atoms and mole-
cules do not contribute to the continuous part of the
spectrum.

We underline that the full account of all second
and third virial coefficients in the free energy and
equation of state gives us the principal possibility to
obtain the critical data of the phase transitions in dense
plasmas. In particular, our model correctly reproduces
the low-temperature liquid–gas transition in molecular
hydrogen, with a critical temperature of about 50 K.
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Furthermore, as will be shown in the next section, our
model predicts a new first-order phase transition in
dense hydrogen. Finally, we mention that, to keep the
complex system of coupled mass action laws solvable,
the Coulomb interaction between charged particles
and quantum diffraction effects of the electrons are
included only to leading order. Therefore, the results
are expected to be less reliable at high free electron
densities above the Mott point.

After discussing the theoretical methods we apply
them to the thermodynamic and transport properties
of dense plasmas. We will focus on the chemical
model and will compare them to recent experimental
data in Section 5. Since these data are limited to the
region around the Mott transition, we take advantage
of the quantum Monte Carlo results which serve as an
additional test for the thermodynamic predictions of
the chemical model in Section 4.

4. Numerical results. Comparison of the
analytical results and PIMC simulations.
Dissociation phase transition

We first compute the equation of state of dense
hydrogen, cf. Fig. 1. Overall, the chemical model and
the PIMC simulations show satisfactory agreement.
First, up to moderate densities,ρ � 0.1 g cm−3 for
T = 10,000 K andρ � 1 g cm−3 for T = 50,000 K,
the chemical model is expected to be accurate, which
is confirmed by the excellent agreement with the
PIMC simulations. This extends well into the region
where a large fraction of bound states is present, e.g.,
[12,13].

The most interesting feature in Fig. 1 is the ap-
pearance of van der Waals-like loops in the pressure
isotherms for low temperatures, clearly indicating a
phase transition. Fig. 2 gives a more detailed analy-
sis of the transition region. Similar as for a classi-
cal first-order gas–liquid transition, the van der Waals
loops become steeper with decreasing temperature, the
instability region is enclosed by line 8 in Fig. 2—
the spinodal. The critical temperature is approximately
50,000 K which is roughly the dissociation energy
of hydrogen molecules and molecular ions H+

2 (sim-
ilar results are obtained for other molecular systems
as well). In fact, our analysis showed that the main
trend during the transition is a rapid dissociation of H2

Fig. 1. Pressure isotherms for hydrogen plasma. Numbers denote
results of the chemical model, symbols are path integral Monte
Carlo data. Temperatures (in 1000 K): 50 (1 and full squares), 45
(2), 38 (3), 10 (4 and full circles).

Fig. 2. Phase transition in hydrogen plasma. Temperatures (in
1000 K): 60 (1), 55 (2), 50 (3), 45 (4), 40 (5), 38 (6), 35 (7). Also
shown is the spinodal (line 8, connecting the pressure extrema of
different isotherms).

molecules. This is accompanied by a strong growth of
the fraction of atoms, electrons, protons and H− [24].
Formally, the reason is a strong growth of the mag-
nitude of the second virial coefficients describing the
heavy particle interactions. The remaining interac-
tions, including the Coulomb interaction play, in this
parameter region, only a minor role. In contrast, turn-
ing off the heavy particle interactions in our model
leads to vanishing of this “dissociation” phase tran-
sition. We underline that this transition is essentially
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different from the frequently discussed plasma phase
transition, e.g., [6–10], where the Coulomb interaction
is dominant leading to a critical temperature approxi-
mately three times lower.

It is interesting to compare these findings with
the Monte Carlo simulations in this parameter range.
In fact, it turned out that the simulations forT =
10,000 K do not converge in a density interval around
ρ = 1 g cm−3, which can be seen by the gap in the
pressure isotherm, cf. dots in Fig. 1. The simulation
data are surprisingly close to the results of the chemi-
cal picture even in the vicinity of the instability region.
Moreover, in this density–temperature region close to
the Mott point, the simulations also show a substantial
fraction of trions (H−) and even larger bound com-
plexes (clusters) which indirectly supports the find-
ings of the chemical model. This may indicate that, in-
deed, the fraction of free electrons is smaller than pre-
dicted by previous models which neglected these com-
plex particles. Furthermore, the Monte Carlo simula-
tions show an instability also atT = 20,000 K where
the instability interval is narrower than for 10,000 K.
The determination of the critical temperature requires
more extensive computations and will be reported
elsewhere [24].

5. Comparison with experimental data

Our results predict that during the discussed phase
transition the concentration of charged carriers (elec-
trons, protons, trions) increases by three orders of
magnitude. Therefore, a direct consequence of the
phase transition should be a drastic increase of the
electrical conductivity of the plasma. In fact, such a
conductivity increase has been observed experimen-
tally, cf. the Introduction. In Ref. [1] a drastic reduc-
tion of the plasma resistance for pressures around one
megabar was reported. In Fig. 3 we plot the experi-
mental data of Ref. [1] (squares) together with sev-
eral theoretical models for the conductivity. The fig-
ure shows that closest to the experiment, around den-
sities of 1 g cm−3, is the hopping mechanism [21]
which is due to a resonant exchange (“quantum dif-
fusion”) of bound electrons between atoms and ions.
Further, the hopping mobility of the electrons expo-
nentially depends on density since the hopping time
is determined by the wave function overlap integral

Fig. 3. Electrical conductivity of dense hydrogen plasma in the
megabar range andT = 10,000 K. (1) Hopping conductivity,
(2) gas-kinetic model, (3) Drude result, (4) minimal metallic
conductivity, (5) hopping conductivity forT = 4,500 K. Open
squares—experimental data from Ref. [1], remaining symbols—
experimental points from Ref. [2].

of electrons in the molecular ionA+
2 . Other mecha-

nisms, such as the gas kinetic one yield not more than
10% of the hopping conductivity. Further, the mini-
mal metallic conductivity (assuming that all electrons
have become conduction electrons) gives about an or-
der of magnitude too large results (see Fig. 3). Notice,
however, that all shown theoretical models predict the
conductivity jump to occur at significantly lower (by a
factor of about 2.5) densities than the experiment.

A large amount of experimental data for hydrogen
in the temperature range of 4,500–10,000 K is given
in Ref. [2] and also exhibits a strong conductivity in-
crease for densities between 0.2 and 0.8 g cm−3. This
corresponds to measured pressure in the range 0.4–
0.7 Mbar. All experimental data points are located in
between the two hopping conductivity isotherms for
4,500 and 10,000 K, cf. Fig. 3, confirming reasonable
agreement of our theoretical model with the measure-
ments (unfortunately, experiments [1–4] did not mea-
sure the temperature). Interestingly, this range of para-
meters is just inside the theoretical two-phase region,
cf. Fig. 2.

Let us now turn to the another interesting exper-
imental observation—the anomalous behavior of the
deuterium shock hugoniot [4]. Fig. 4(a) shows the ex-
perimental data and our theoretical results. As one
can see, the agreement of the low pressure branch
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(a)

(b)

Fig. 4. Deuterium plasma phase diagram. (a) Shock hugoniot (1),
gas boundary of the two-phase region (2) and experimental data [3]
(symbols). (b) Deuterium pressure isotherms. The numbers in the
figure denote the temperature in 1000 K.

(T < 10,000 K, lower part of curve 1) is very good.
Furthermore, our calculations yield a density jump on
the hugoniot aroundρ = 0.6 g cm−3. For tempera-
tures between 6,000 and 35,000 K our model does not
have a stable gas phase solution on the shock hugoniot.
While a density jump is apparent in the experimental
data aroundρ = 0.6 g cm−3 as well, it is significantly
smaller than in our model. The reasons for this devi-
ation are manifold and can be related to insufficient
accuracy in the available data for the inter-molecular
interaction, but also to the mentioned above simplified
treatment of the charged particle interaction. The lat-
ter fact could also explain the too high pressure val-
ues in our model at the upper branch of the hugo-
niot.

We mention that the computed shock hugoniot and
the density jump, in particular, are strongly affected
by the mentioned above phase transition (the unstable
region is below curve 2 in Fig. 4(a)). The correspond-
ing deuterium pressure isotherms show a similar van
der Waals loop, as can be seen in Fig. 4(b). This could
allow for a new theoretical explanation of the exper-
imentally observed (and still puzzling from the theo-
retical point of view) strong compressibility change of
shocked deuterium.

6. Summary and conclusions

In the present Letter, an investigation of the equa-
tion of state of hydrogen and deuterium in the sub-
megabar and megabar pressure range was given us-
ing path integral Monte Carlo simulations and a re-
cently developed multicomponent chemical picture.
Both methods yield discontinuous changes of the con-
centrations of the various particle species for tempera-
tures below the molecular dissociation energy. The in-
stability behavior was found to be dominated by the
interaction between neutrals and can be interpreted
as a new “dissociation phase transition”. The associ-
ated jump in the concentration of the charged particles
at pressures around 1 Mbar was found to be accom-
panied by a drastic conductivity increase which has
been clearly observed in a number of experiments. Our
analysis showed that, in this parameter range, the gov-
erning charge transport mechanism is hopping con-
ductivity (quantum diffusion of bound electrons).

An important advantage of the present chemical
model is its broad applicability to dense molecular flu-
ids. As another illustration we show in Fig. 5 the equa-
tion of state of dense low-temperature oxygen. Again
there is a phase transition with a critical temperature
around 45,000 K which is near the dissociation energy
of the molecular ion O+2 .

As was mentioned above, the most important fea-
ture of our chemical model is the careful treatment
of the interaction between neutrals and the inclusion
of additional heavy particles, such asA+ and A−

2 .
The important role of these complex particles at pres-
sures below and around 1 Mbar was confirmed by
the quantum Monte Carlo simulations which, more-
over, clearly demonstrated the existence of even larger
weakly bound clusters [25]. In future work, we will
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Fig. 5. Pressure isotherms of oxygen. Temperatures in 1000 K:
60 (1), 50 (2), 45 (3), 40 (4), 35 (5) and 30 (6).

study these phenomena more in detail. At still higher
pressures, where charged particles are dominant, the
present chemical model can only give estimates. In
particular, the results above the conductivity increase
have to be regarded as preliminary. In future work the
presented chemical model will be improved by a more
advanced treatment of the Coulomb interaction and of
electron degeneracy, e.g., by using Padé approxima-
tions [23].
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